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Abstract The unwrapped phase of a complex function is defined with a line integral of the
gradient of the arctangent of the ratio of the real and imaginary parts of the function. The
phase unwrapping, which is a problem to reconstruct the unwrapped phase of an unknown
complex function from its finite observed samples, has been a key for estimating useful
physical quantity in many signal and image processing applications. In the light of the func-
tional data analysis, it is natural to estimate first the unknown complex function by a certain
piecewise complex polynomial and then to compute the exact unwrapped phase of the piece-
wise complex polynomial with the algebraic phase unwrapping algorithms (Yamada et al.
in IEEE Trans Signal Process 46(6), 1639-1664, 1998; Yamada and Bose in IEEE Trans
Circuits Syst I Fundam Theory Appl 49(3), 298-304, 2002; Yamada and Oguchi in Mul-
tidimens Syst Signal Process 22(1-3), 191-211, 2011). In this paper, we propose several
useful extensions and numerical stabilizations of the algebraic phase unwrapping along the
real axis which was established originally in Yamada and Oguchi (Multidimens Syst Signal
Process 22(1-3), 191-211, 2011). The proposed extensions include (i) removal of a certain
critical assumption premised in the original algebraic phase unwrapping, and (ii) algebraic
phase unwrapping for a pair of bivariate polynomials. Moreover, in order to resolve certain
numerical instabilities caused by the coefficient growth in an inductive step in the original
algorithm, we propose to compute directly a certain subresultant sequence without pass-
ing through the inductive step. The extensive numerical experiments exemplify the notable
improvement, in the performance of the algebraic phase unwrapping, made by the proposed
numerical stabilization.
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1 Introduction

Suppose that
(di0)(Y(¢))d1y (7(Ck))) == (o) (V(C) +£0) (Y (C)) Sy (V(Ci)) + 21y (7(Cr))) € R?

(k=1,2,...,s) are given as a finite sequence of 2-D noisy real vectors, where Sy RZ >R
(i=0,1) are unknown functions, £ : R? — R (i =0, 1) are additive random noise func-
tions, and v : [a,b] — R? is a known piecewise C! function which defines a path along the
sample points () ER? (a < ¢ < & <+ < < b).

For simplicity, denote by F : [a,b] > t + F)(t) + jF;)(t) € C a univariate complex
valued function defined as

F(i) (t) = f(,) (’y(t)) forallz € [a,b] (i =0, 1).

The two-dimensional phase unwrapping of (f(g), f(1)) along v at (x*,y*) := (") € R?,
or the phase unwrapping of F atz* € [a,b] along the real axis, is a problem of estimating the
unwrapped phase

+ jF;
(t J ()(t)}dt n

DI %) o=
7y =0r) +/ { Fo) (1) + jF1) (1)

by using the data (d(o)('y(Ck)),d(l)('y(Ck))) (k=1,2,...,s), where we assume Or(a) €
(—m, 7] is given as the initial phase satisfying F(a) := |F(a)|e/%*(@) # 0, the derivative
F(’l.) (t) of F(;(t) (i = 0,1) are well-defined almost everywhere over [a,b], and the integral in
(1) is well-defined in the sense of Lebesgue (see, e.g., Rudin 1976, Chapter 11).

In many signal and image processing problems, the phase unwrapping has been a key
for estimating some physical quantity (Ghiglia and Pritt 1998; Ying 2006), for example,
surface topography in synthetic aperture radar (SAR) interferometry (Graham 1974; Zebker
and Goldstein 1986; Goldstein et al. 1988; Jakowatz, Jr. et al. 1996) and synthetic aperture
sonar (SAS) interferometry (Denbigh 1994; Hansen et al. 2003; Hayes and Gough 2009),
wavefront distortion in adaptive optics (Fried 1977; Hudgin 1977; Noll 1978), the degree
of magnetic field inhomogeneity in the water/fat separation problem of magnetic resonance
imaging (MRI) (Glover and Schneider 1991; Szumowski et al. 1994; Moon-Ho Song et al.
1995), the relationship between the object phase and the bispectrum phase in astronomical
imaging (Marron et al. 1990; Negrete-Regagnon 1996), the accurate profiling of mechanical
parts by x-ray (Cloetens et al. 1999; Weitkamp et al. 2005) and the DOA estimation in array
signal processing (Yamada and Oguchi 2011).

Despite the tremendous effort made so far, a technically reliable phase unwrapping has
not yet been established for its practical use in wide range of signal and image processing.
This is mainly because 0 (¢) (a <t < b) is continuously defined along the arc ¥([a,b])
as in (1) while most existing phase unwrapping algorithms, e.g., path-following methods
(Goldstein et al. 1988; Judge and Bryanston-Cross 1994; Lin et al. 1994; Buckland et al.
1995), minimum-norm methods (Busbee et al. 1970; Pritt and Shipman 1994; Ghiglia and
Romero 1996) and network flow methods (Flynn 1997; Costantini 1998) estimate the un-
wrapped phase 0 only at {; (k=1,2,...,s) without checking the consistency with 0 at
1 € (C> Cr1)-

In this paper, in the spirit of functional data analysis (Wahba 1990; Unser 1999; Ramsay
and Silverman 2005; Schumaker 2007), we consider the situation where the functions Fiy:
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[a,b] — R (i =0,1) have been approximated respectively by known functions IF(,-) :a,b] —
R (i = 0,1) through some smoothing techniques. In such a case, it is natural to estimate

(

Op(t*) in (1) by

F 07(1%) == 07 Pl 1)+ 70 d 2
F7) = 65 +/ (t-i—jF)() ' @

In particular, motivated by the great success in the use of the Spline functions in the
functional data analysis (Silverman 1985; Chui 1988; Wahba 1990; Unser 1999; Ramsay
and Silverman 2005; Schumaker 2007), in this paper, we focus on a special case where
13(,-) :[a,b] = R (i =0,1) are given as piecewise polynomials (Kitahara and Yamada 2012).
In this special case, by dividing the interval [a,b] into finite subintervals if necessary, the
computation of 6z(¢*) in (2) is reduced to the following phase unwrapping for a univariate
complex polynomial along the real axis.

Problem 1 (Phase unwrapping for a univariate complex polynomial along the real axis I)
For a given univariate complex polynomial C(t) = S_7' jcxtk € Clt] satisfying C(a) =
|C(a)|e/%c(@) £ 0 with O¢(a) € (—n, 7], let Clo)(1) :== 2= oR(cr)t* € R[t] and Cy(t) ==
o3 (c)tk € R[t]. Then compute the unwrapped phase of C(¢) att* € [a, b] by

[ Cloy(t) +JC (1)
Qc(t*) = Qc(a)+L S{CEE) ; +jC( ) p }dt

(1) ) ()
(1) +jB(y, (1)
cla 0
scw+ [ { ()(l)‘HB (r)}"’ ®
©* By (1)Bo) (1) = B(1) (1)By, (1)

GO {B Qi ot

where Bg)(t), B () € RJ[t] are respectively the real and imaginary parts of B(f) :=
) 0) (1) + jB(1) (1) € C[t] for C(r) := S oCkt* € C[t], and GCD stands for

GCD(C().C(1)
the greatest common divisor.

“

(On the expression (3) of 6¢(z*) and the integrability of (4), see Appendix 1).

Remark I (Possible inconsistency of 8¢ caused by zero of C(r)) The function 0¢ : [a,b] —
R defined in (3) and (4) is always continuous. Moreover, even if there exists ¢, € (a,b)
satisfying C(z.) = 0 and C(¢) # O for all 7 € [a,t.), O¢ satisfies C(t) = |C(t)|e/%c) for all
t € [a,t;). However, in such a case, C(t) = |C(r)|e/%c() is not necessarily guaranteed for
t € (t;,b]. The possible inconsistency happens essentially by the same reason as the path
dependency in the two-dimensional phase unwrapping (see Example 4 and Theorem 2).

Since B(t) # 0 for all r € R is guaranteed in (3) and (4), it is sufficient to consider the
following problem.

Problem 2 (Phase unwrapping for a univariate complex polynomial along the real axis II)
For a given univariate complex polynomial A(t) = > _j axt* € C[t] satisfying A(t) # O for
all 1 € [a,b], let A(g) (1) := Y1 oR(a)t* € R[1] and Ay (1) := Y123 (ax)t* € R[t]. Then
compute the unwrapped phase of A(¢) att* € [a,b] by

.. Ay (A0 0) =An) (4] ()
Oa(t") = QA(“)+./Ll {Ap (@O} +{An ()} "

where 04 (a) € (—, ] satisfies A(a) = |A(a)|e/?4(@),

&)
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The algebraic phase unwrapping for complex polynomials along the unit circle was
established first in Yamada et al. (1998) by extending a first discovery (McGowan and Kuc
1982) of a direct relation between a real coefficient polynomial and its unwrapped phase
along the unit circle. As its continuations, the algebraic phase unwrapping along the real
axis (Yamada and Oguchi 2011), which is a first solution to Problem 2 (see Theorem 1 in
Sect. 3.1), and that along the imaginary axis (Yamada and Bose 2002) have been developed.
These methods do not require any numerical root finding or numerical integration technique.
All the algorithms (Yamada et al. 1998; Yamada and Oguchi 2011; Yamada and Bose 2002)
are essentially based on computing certain general Sturm sequence by polynomial division
type algorithms. Potential application of the algebraic phase unwrapping is spanning widely
in signal and image processing (Graham 1974; Fried 1977; Hudgin 1977; Noll 1978; Zebker
and Goldstein 1986; Goldstein et al. 1988; Marron et al. 1990; Glover and Schneider 1991;
Denbigh 1994; Szumowski et al. 1994; Moon-Ho Song et al. 1995; Jakowatz, Jr. et al. 1996;
Negrete-Regagnon 1996; Cloetens et al. 1999; Hansen et al. 2003; Weitkamp et al. 2005;
Hayes and Gough 2009; Yamada and Oguchi 2011) where reliable phase information has
been demanded strongly.

However, in a direct computer implementation of all existing algorithms in Yamada
et al. (1998), Yamada and Oguchi (2011) and Yamada and Bose (2002) as well as in a
direct implementation of Algorithm 1 (Sturm-RR) in Sect. 3.1, we encounter numerical in-
stabilities, especially for polynomials of relatively large degree, due to the unavoidable gap
between theoretical value and numerical value computed by digital computer using finite
digit number systems. Therefore, thoughtless direct implementation of the algebraic phase
unwrapping algorithms for polynomials of large degree, sometimes results in the loss of key
properties of the Sturm sequence. Such a loss leads to a certain serious failure of the phase
unwrapping in the end.

The goal of this paper is to present several extensions and numerical stabilization of the
algebraic phase unwrapping along the real axis (Yamada and Oguchi 2011). After giving
preliminary results necessary in the later sections, we revisit the algebraic phase unwrapping
along the real axis (Problem 2) in Sect. 3.1 where we present a new algorithm (Algorithm
1) to define a new Sturm sequence, unlike Yamada and Oguchi (2011, SGA 2), by elimi-
nating the greatest factor (f —a)“ from the first two polynomials A;(#) (i =0,1) but not
eliminating from the remaining polynomials generated by an inductive step. By this sim-
plification, the Algorithm 1 (Sturm-R) turns out to generate the standard Sturm sequence

(Mishra 1993, Definition 8.4.2) for :ggte?} and :(_12152 , and therefore we can express the
new Sturm sequence with the subresultant sequence (Collins 1967; Brown and Traub 1971;
Mishra 1993; Anai and Yokoyama 2011). Moreover, by this change for the first two poly-
nomials, Theorem 1 based on Algorithm 1 can deal with a special case A g)(a) = 0 which
is excluded in Yamada and Oguchi (2011, Theorem 1). This relaxation is very useful es-
pecially in its application to a pair of piecewise polynomials (Sect. 3.2) because the value
of A(g) (t) at r = a is determined usually by the continuously connected polynomial defined
on the adjacent subinterval. In Sect. 3.3, we consider the two-dimensional phase unwrap-
ping and elucidate the condition for the path independence of the two-dimensional phase
unwrapping. In particular, if bivariate polynomial functions f;) : R? = R (i =0,1) satisfy
F(x,y) = fio)(x,y) +jfi1)(x,y) # 0 for all (x,y) in a simply connected domain D C R?, we
show, by Poincaré’s lemma (see, e.g., Galbis and Maestre 2012), that the phase unwrapping
along any piecewise C! arc y([a,b]) := {(t) € R? | a <t < b} C D defines uniquely a twice
continuously differentiable function 6 € c? (D), which is the two-dimensional unwrapped
phase of f on D. The two-dimensional unwrapped phase 6, can be computed with Algo-
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rithm 1 without requiring any numerical root finding or numerical integration technique. In
Sect. 4, after starting with the observation of a typical situation causing numerical instabil-
ities in the direct computer implementation of the algebraic phase unwrapping (Algorithm
1), in order to stabilize the computation of 64 (¢*) in Theorem 1, we propose to replace the
inductive computation of the polynomials Wy (7) (k=0,1,...,q) in Algorithm 1, followed
by their numerical evaluation at t* € [a,b], with the direct numerical computation of the
subresultant sequence (Collins 1967; Brown and Traub 1971) at ¢*. For this purpose, we
present complete relation between the sign of the Sturm sequence and that of the subresul-
tant sequence (Propositions 4, 5 and Theorem 3). By the proposed replacement, the sign
of the ideal standard Sturm sequence can be computed without suffering from the propa-
gation of errors caused by the coefficient growth in the process of Algorithm 1, and then
the algebraic phase unwrapping is stabilized greatly even for polynomials of relatively large
degree. The extensive numerical experiments, of the algebraic phase unwrapping along the
real axis, exemplify the notable performance improvement made by the proposed numerical
stabilization.

The proposal in this paper is expected to be a firm mathematical foundation for wider
application of the algebraic phase unwrapping, e.g., in a combination with the spline smooth-
ing (Silverman 1985; Chui 1988; Wahba 1990; Unser 1999; Ramsay and Silverman 2005;
Schumaker 2007), to practical signal and image processing problems.

2 Preliminaries
2.1 Notation

Let N*, R and C denote respectively the set of all positive integers, real numbers and com-
plex numbers. We use j € C to denote the imaginary unit satisfying j2 = —1. For any
c € C, R(c), 3(c) and ¢ stand respectively for the real part, the imaginary part and the
complex conjugate of c. For any C(t) = Y"1 ocxt* € Ct] (s.t. ¢, 7 0 and m > 0), we define
C(t) =Y 1 péxt* € C[t], deg(C) :=m,1c(C) := ¢,y and mme(C) := max{|col, [c1], .-, |cm|}-
The degree of the zero polynomial is defined to be —oo. For any C(t) = Y7 ,cxt* € C[t],
we use the expression C(1) = C() () + jC(1)(t), where Cg) (1) := ;- R(cr)i* € R]t] and
Cry (1) := 2403 (cx)r* € R[r]. For any x € R, its sign is defined by

x/|x| ifx#0,
sgn(x) ::{o/l | ifxio

and arctan denotes the principle value inverse tangent satisfying tan(arctan(x)) = x and
—5 <arctan(x) < 5.

2.2 Elementary facts on vector calculus

For the discussion on the continuity of the two-dimensional unwrapped phase and the appli-
cability of the algebraic phase unwrapping to two-dimensional case (Sect. 3.3), we need the
following classical results (see, e.g., Apostol 1974, Rudin 1976, Galbis and Maestre 2012).
Fact 1 (Green’s theorem and Poincaré’s lemma)

(a) (Green’s theorem) Suppose U is an open set in R?, P,Q € C'(U), i.e., P: U — R and
Q : U — R are continuously differentiable over U, and ) is a closed subset of U, with
positively oriented boundary 0). Then we have

j{m [P(x,y)dx+ Q(x,y)dy] = //Q (g—f(x y) — %(x,y)) dxdy.



6 Daichi Kitahara, Isao Yamada

(b) (Poincaré’s lemma: Condition for exact differentiability) Suppose D is a simply con-
nected domain in R?, P,Q € C'(D), and ‘g—f(x,y) = %—g(x,y) for all (x,y) € D. Then
there exists a function f € C*(D) satisfying

d d
S ) =Pl and L (x3) = 0(xy) soral (v3) €,

The function f € CZ(D) is nothing but the scalar potential of the vector field
(P(x,y),0(x,y)) over D.

2.3 Subresultant and polynomial remainder

For a pair of real polynomials
P()(l‘) = apt™ +am_1t””1 +---+ajt+aop,

Pi(t) == but" + by 1t" '+ + byt + by,

s.t. ay # 0 and b, # 0, define R;(Py, Py,t) € R[¢]mtn=20x0mtn=20) (; — 0 1 ... min{m —

m-+n—2i
am Qm—1 -+ a4 aj—1 --- 4o Po(t)tnfzifl
Am Apm—1 "+ Qi ai—1 -+ a4 P()(l)t"ilfz
Uy Am—1 -+ @i Gi—] -~ ag Po(t)thl .
am Apm—1 "+ a -+ ai P()(t)l‘l
am Qn—1 4 P()(l)t
am a1 Po(t)
Ri(Py, P — ‘
l( 0, l7t) bn bn—l bi bi—l bO Pl(t)lm7l71
b, by,_q1 -+ b bi_1 -+ by Pl(l‘)l‘m_’_z
by byy - b bi_y -+ by Pi(r)'! '
b, by_1 -+ b - b Py(0)t m—1
bn bnfl e b[ P1 ([)t
b, ---bin1 P, (l‘)

Then the ith subresultant Sres;(Py, Py,t) of Py(¢) and Py (¢) is defined as the determinant of
Ri(P(),Pl ,t), ie.,
Sres;(Po, Pi,t) :=det(R;(Py,Pr1,t)) € R[] (i=0,1,...,min{m—1,n—1}).

It is well-known (Collins 1967; Brown and Traub 1971; Anai and Yokoyama 2011) that
the degree of the ith subresultant does not exceed i. For Py(f) and P;(t), we also define
M;(Py, Py) € RUmtn=20)x(m+n=20) (; — 0 1,... min{m—1,n—1}) by
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m-+n—2i
am Am—-1 - 4dj dji—1 - 4o
am am—1 -+ 4 dj—1 -+ ao
A Gm—1 =*+ @i @1 -+ do ni
Am Gpey oo @i oar do
am Ap—1 -+ 4j aj—1
m -+ Qip1 4
M' P P e m 1
(o, P1) by by—y -+ bi bi-y - by
bn bnfl bi bi*l bO
by byy -+ bi bi_y -+ by )
m—i
by by -+ b - by by
by by_1 -+ b bi_
by - biy1 b

det(M;(Po, P1)) is called the principal subresultant coefficient and satisfies

: [ Ie(Sres;(Py, Pr,t)) #0 if deg(Sres;(Po,Pi,t)) =i,
det(M;(Py,P1)) = {o if deg(Sres;(Py,P;,t)) < i. 6)

In particular, My (Py, Py) is the Sylvester matrix of Py(t) and P;(t), and det(My(Py,Py)) =
Sreso(Py, Py ,t) is the resultant of Py(t) and P (1).
The subresultant is closely-linked to the polynomial remainder as follows.

Fact 2 (Relation between the subresultant and the polynomial remainder (Brown and Traub
1971, Lemma 1)) Let P,_(t), Pc(t) and P11 (t) be nonzero polynomials satisfying

deg(Pc—1) > deg(P) > deg(Pis1) }
Pey1(t) := Pe_1(t) — Or (1) P () with Qi (t) e R[t] [~

Then, the i th subresultant Sres;(P;_1,Pe,t) (i =0,1,...,deg(P;) — 1) can be expressed as
(—1)dee(P1)—deg(P)+1 (¢ (p ) ydee(Pr) —deg(R)+1 p | (1)
fori=deg(P)—1,
0 fori€ [deg(Pii1)+1,deg(P) —2] (if deg(Pit1) <deg(P) —2),
(-1 )(d5g<Pk— 1)—deg(Py)+1)(deg(P;)—deg(Pr+1)) (Ic(Py))dee(Pit )—deg(Pet1)
Sresi(Pe—1,Pist) =4 x (Ic(Pey)) %P ~dee(Ps) =1, (1)
for i = deg(Pe+1),
(—1)(deg(Pe—1)—deg(P)+1)(deg(P) ) (]C(Pk))deg(Pk—l)*deg(PkJrl)
X Sl‘eSi(Pk7Pk+1,l‘)
fori€[0,deg(Pey1) — 1] (if deg(Pit1) = 1).
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Remark 2 (The equivalence between Fact 2 and Brown and Traub 1971, Lemma 1) In
Brown and Traub (1971, Lemma 1), Sres;(Pi_1, Fx,t) (i € [0,deg(Pis1) — 1]) is expressed as

Sres; (Pi_1, Pe,1) = (—1)tdeeBe1)=0(dee(P)=1) (16 p, ) )dee(Pe-t)=dee(Peet) Sreg; (P, Py, 1),

which is seemingly different from the expression in Fact 2. The equivalence between these
expressions is verified as follows.
If (deg(P;) —i) is even, we have

(_1)(deg(Pk—l)*deg(Pk>+1)(deg(Pk)*i) - (_1)(d‘3g(Pk—l)*i)(deg(Pk)*’j - 1.

If (deg(P;) —i) is odd, i.e., deg(P,) —i = 2p — 1 (for some p € N*), we have

(—1)(deg(Per) —deg(Ro)+1)(deg(Re) —1) — (1 )(deg(Pe1)—i=(2p=2))(deg(Re) )

(—1)(deg(Fe1)=0)(deg(P)=0)

2.4 Expression of unwrapped phase

The next proposition is a slight extension of Yamada and Oguchi (2011, Proposition 2). The
expression (7) gives a useful formula to compute the exact unwrapped phase 6, (¢*) when
all distinct real roots, in (a,b), of A (g (t) are known.

Proposition 1 (An expression of the unwrapped phase) Let A(t) := A ) (t) + jA 1) (¢) € C[t]
satisfy A(t) # 0 for all t € [a,b]. If Ag)(t) =0 or Ay(t) =0, we have, from (5), 04(t*) =
04(a) for all t* € [a,b]. Otherwise, define

ZA(U) = {l‘ S (a,b) |A<0)(l‘) = 0}
_[e ifA@)(t) #0 forallt € (a,b),
T {1,y b otherwise,

where a < puy < i, <--- < p, <b, and

i 0 (t)A)(t) >0 fort € (u;— e, ;) and
U A (DA (1) <0 fort € (s +2).

X(p) =4 4 if{ ) (A1) (1) <O fort € (u;—e, ;) and
Ay (A1) (t) >0 fort € (i +e),

0  otherwise,
Jor p; (i=1,2,...,2) and for sufficiently small € > 0. Then we have, for any t* € (a,b],

04(t*) =04(a) — rligo arctan{ Q4 ()} +li%910mctan{QA O+ AT, (7

where Q4 (t) ==

and A(t*) == > X(u).

i E(at®)

3{A@)}  Ap@)
R{A()}  A)()

Proof See Appendix 2.
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3 Extensions of the algebraic phase unwrapping along the real axis
3.1 Relaxation of the conditions for algebraic phase unwrapping

Under the assumptions on A ) (¢),A(;)(¢) € R[], in Proposition 1, including A gy (¢) # 0 and
Agy(t) # 0, define the sequence of real polynomials { W (z)}7_, by applying Algorithm 1
(Sturm-R) to A o) (¢) and A1) (). The sequence {Wy(r)}7_ is a Sturm sequence in the sense
of Lemma 1. Note that, in comparison to Yamada and Oguchi (2011, SGA 2), Algorithm 1
differently defines { W, (1) }{_,. i.e., ¥o(¢) and ¥, (¢) are defined respectively by eliminating
the greatest factor (1 —a)® and (f —a)*! from A(g)(t) and A(;)(¢), but Wi (¢) (k=2,3,...,q)
are defined without eliminating the greatest factor (r — a)®.

Algorithm 1 Sturm generating algorithm along the real axis (Sturm-R)

Input: A(O)(I),A(l)(l‘) S R[l] and a,b € R (s.t. A(O)(Z) +jA(|)(I) 7&0 forall ¢ € [a,b] and A(O) (t),A(l)(t) i 0)
Ay (?) () e Agy()

((—a)o (i —a)e

(where ¢; denotes the order of # = a as a zero of polynomial A;) (r) (=0,1))

k<1

: while deg(¥;) # 0 do

Wi (2) « =Wy (t) — Hi(t) Wy (¢) (where H(t) € R[¢] and deg(Py+1) < deg(Py))

k—k+1

: end while

7. qk{k if\Ifk(t)i

\I/()(t)%

1:

SANRANE Il

Output: {T;(1)}1_,

Clearly, Algorithm 1 (Sturm-7R) is a modification of the Euclidean algorithm for com-
puting GCD(W(z), ¥;(z)), which generates the standard Sturm sequence for a pair of poly-
nomials Wo(f) and W;(¢) in the sense of Henrici (1974, Section 6.3.I1I), Marden (1989,
Section 38) and Mishra (1993, Definition 8.4.2). The Sturm sequence {4 (¢)}7_, and the
polynomial remainder sequence {P(t)}{_, generated by the Euclidean algorithm have the
following close relation.

Remark 3 (Relation between the standard Sturm sequence and the polynomial remainder

sequence) The Euclidean algorithm for computing GCD (W, ;) generates the polynomial

remainder sequence {P(t)}{_, where Py(t) := Wo(r) := %, Pi(t):=",(t) := :S;gi)l

and P (¢t) (k=1,2,...,g— 1) are defined inductively by

Pes1(t) 1= Pe1 (1) — Qk(1) Pi(r) with Qk(t) € R[r] and deg(Prr1) < deg(Fy).

On the other hand, in Algorithm 1 (Sturm-R), ¥y (¢) (k = 1,2,...,g — 1) are defined
inductively by

W1 (1) i= =Wy (1) — Hi(t) Wi (1) with He(t) € Rt} and deg(Wi1) < deg(Wy).

As a result, we have

W) = (=) 7 R() (k=0,1,...,q). ®)
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The following lemma presents useful properties of {¥(¢)}7_,. The properties (a), (b)
and (c) are well-known (see, e.g., Henrici 1974, Theorem 6.3b, Marden 1989, Section 38).
The properties (d) and (e) will be used in the proposed algebraic phase unwrapping (Theo-
rem 1).

Lemma 1 (Properties of the Sturm sequence generated by Algorithm 1) The Sturm se-

quence {\Ilk(t)}zzo generated by Algorithm 1 (Sturm-R ) satisfies the following properties.

(@) Wu(t)#0 fora<t<b,

) V() £0o0r Uy (1) £0 fora<t<b (k=0,1,...,q—1),

(©) W(t*)=0art* €a,b] = V1 (") Vi1 (t*) <0 (k=1,2,...,q—1),

(d) sgn(Aq)(r)) =sgn(Wo(r)) and sgn(A((t)) =sgn(¥1(t)) fora<t<b,

(e) lim sgn(A((t)) =sgn(¥o(a)) #0and lim sgn(A(;)(t)) = sgn(¥i(a)) # 0.
t—a+0 t—a+0

Proof See Appendix 3.

The next theorem presents an exact expression of 64 (¢*) in Problem 2. The expression
(9) does not require any root finding or any numerical integration technique. This theorem
is a relaxation of Yamada and Oguchi (2011, Theorem 1). Indeed, Theorem 1 can deal with
a special case A ) (@) = 0 which is excluded in Yamada and Oguchi (2011, Theorem 1).

Theorem 1 (Algebraic phase unwrapping for a univariate complex polynomial along the
real axis) Let {\I/k(t)}Z:O be the sequence of real polynomials generated by applying Al-
gorithm 1 (Sturm-R) to A (t),A1)(t) € R[t] under the assumptions A(t) := A (1) +
JAW () #0 (t € [a,b]), Aqg)(t) # 0 and A((t) # 0. Define at each t € [a,b] the number
of variations in the sign of { U (t)}{_, by

V{Wt)} = V{To(t), V1 (t),...,Ty(t)}
= |{i]0<i<qand Ui(t)V;, ;) (1) <0}

’

where o(i) := min{k € N* | W, ,(r) # 0}. Then, for every t* € (a,b], we have

arctan{ Q4 (a)} if A)(a) #0, }
sgn(Wo(a)Vy(a))m/2 ifAg)(a) =0,

{ arctan{Qa ()} + V{(r)} ~ V{W(@))r ifAq) (") 0,
/24 VL))~ V{¥(a)}]r iFA)(1*) = 0.

0a(t") = 9A(a)—{

C))

Proof See Appendix 4.

Example 1 (Expression of the exact unwrapped phase by Theorem 1) Let us construct the
unwrapped phase 04 (r) (0 <7 < 1) of the univariate complex polynomial

A(t) = A (1) + A (1)
= (t* — 1.11£% +-0.3561> — 0.0255¢)
+ ji(t* = 2.52563 +2.29995¢> — 0.906172¢ +0.131222)

without using any root finding or any numerical intergartion.
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Applying Algorithm 1 to Ag)(t) and A(y)(¢) for a =0 and b = 1, we obtain the Sturm
sequence { W (1)}_, as

Wo(r) =1 — 551> + 3557 — 300+

W) =t = 451 + 55001 — 30000 + 500000°

Uy (1) = -1 + %(g(l)tz 2507 + 5000

U3(1) = — 15000+ 350000 ~ 3000000+

Wa(t) = — 355100165 83000! T 77875780000

Us(1) = 1 193936971147572267%758745(%)l1()56937952523)66696;l26507777496291 5200000
From A()(0) = 0 and A(;y(0) = %, we have 04(0) = 7/2. Moreover, from
sgn(¥o(0)¥(0)) = sgn(—%) = —1 and V{¥(0)} = V{- 2000» 56(;5()6()101()7 2(5)(1)07

_ 190279 15335859 3391452647840106395584666460779211811
20000007 278705780000 * 119967177270575015975354069525774695200000

04(t) in (9) is expressed as

arctan{ Qa () } + [V{¥(#)} —3]m if A(g)(t) #0,
T2+ [V{¥(t)} -3|r if Ag)(r) =0,

= 3, the unwrapped phase

0a(t) =

which is depicted in Fig. 1. The correctness of the above result is confirmed by applying the
alternative expression (7) if the following information is available.

A(t) :=t(t—0.1)(r —0.5)(r —0.51) + j(r — 0.49)(r — 0.515)(r — 0.52)(r — 1).

From Fig. 1, we observe that the unwrapped phase function 64 can vary rapidly even if
deg(A) is small, which suggests the inherent difficulty in phase unwrapping problem. More-
over, we also observe that the necessary number of digits to express the coefficients of
{W,(r)}{_, grows quickly. This phenomenon is called the coefficient growth, which causes
numerical instabilities in the direct computer implementation of Algorithm 1 (Sturm-R)
(see Section 4.1).

Theorem 1 can also be applied to the computation of the unwrapped phase for bivariate
polynomials. Although the two-dimensional phase unwrapping will be discussed much more
in detail in Section 3.3, we present here a straightforward application of Theorem 1 to the
two-dimensional phase unwrapping.

Example 2 (Phase unwrapping for a bivariate complex polynomial along 7) Let us con-
struct the unwrapped phase, along the path v(¢) := (¢,2¢ + 1) (0 <t < 1), of the bivariate
polynomial

Flxy) = (2 —x9? —x2 —9x — 5y +16) + j(x*y+ 22y — 3x* + 10xy — 25x — 3).
In this case, F () := f((t)) = Fo)(t) + jF1)(t) is given by
Foy(t) =22t +1)° —=1(2t +1)* =2 =9t = 5(2t + 1) + 16
=8 + 12t 4213 —4r> — 20 + 11,

Foy(t) =t* (2t + 1) + 1220+ 1) = 3r* +101(2t + 1) — 25t — 3
=10 + 10* + 61> + 211> — 15t — 3.

Applying Algorithm 1 to Fg)(#) and F(;)(), we can compute the unwrapped phase 0r(t).
Figure 2a depicts ¢ (z), and 2b depicts 6 '+ along «y on the x-y plane. From Fig. 2, we observe
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Fig. 2 Phase unwrapping for a bivariate complex polynomial along ~

that the two-dimennsional unwrapped phase can vary rapidly even for bivariate polyno-
mials of low degrees. Obviously, this notable feature is hardly detectable by most exiting
phase unwrapping algorithms, i.e., Busbee et al. (1970), Goldstein et al. (1988), Judge and
Bryanston-Cross (1994), Lin et al. (1994), Pritt and Shipman (1994), Buckland et al. (1995),
Ghiglia and Romero (1996), Flynn (1997), Costantini (1998), Ying (2006), essentially based
on discrete approximations.

3.2 Extension of the algebraic phase unwrapping for a pair of piecewise polynomials

The unwrapped phase of a pair of piecewise polynomials (S(g),S(;)) can be computed by
using Theorem 1 repeatedly in each subinterval, which is divided at the knots of the piece-

wise polynomials. (Note: In the next proposition, for simplicity, we assume Aég) (t) #0and
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AU ( ) # 0 in each subinterval [&;,¢;, ;]. However, even if this condition is violated, we can
compute the unwrapped phase 6s(¢) by using Proposition 1).

Proposition 2 (Algebraic phase unwrapping for a pair of continuous piecewise polynomi-
als) Let S(j) : [§0,€,] = R (i =0,1) be a pair of com‘muous piecewise polynomials with

knots &; € (50,5,,) (61 <& < <y) e, S (1) = ( ) € R[r] in each subinterval
(€1, €141] and AlJ (€111) = ’*”(m) (i=0,1andl = o,l, —2), satisfying S(1) =
S0y (1) +jSy(t ) #0, A ( )#0 analAél1 (t) # 0 in each subinterval [§;,§,,]. Define the
sequence of real polynomlals {\I/ (t)}ku0 (I=0,1,...,n—1) by applying Algorithm I to

AE>>( )andA ()fora =& andb:=¢; . Then, foreacht € (&, (1=0,1,...,n—1)
we have

N  8{1)(0)(0) (1) = S (1)S[gy (1)
Os(t*) = 9s(§o)+/€0 {S) (@) }> +{Sy(1)}?
—osten [ (i ))’AE”)( )= A4 ()
U el op+al op
)

arctan{Q} (&)} ifAlg)(€) #0,
= 0s(& 0 el o dl) oy
sgn(Wo' (€)W (§))7/2 if A (&) =0,

{ arctan{ QY ()} + VAW (")} vV () Y)m if Al () #0,

/24 [V {R )} - V(e (g))x ifAlg) (1) =0,
A
where (i) QA (1) := A<l>( ) (1=0,1,....,n—1), (ii) 0s(&y) € (—m, 7] satisfies S(&y) =
(0)

1S(£0)|e7%5(80), and (iii) Os5(&,) is given by

i+1 i ,A<> A<i> A<i> /
05(&)) = O5(60)+ 3, /g >)<}3+{ ji(t()(}@(’))
1

- arctan{ Q,’ (§;)} lfAEQ)(&)¢07
e Z"“[ {Sgnové”(a)\ri”(&))w/z i Al (&) =0,

+ {arCtan{fo>(£i+1)}+[V{\I’<i>(£i+1)}—V{‘If< ()} irA

dt

EE

0)(Eii1) #0,
m/24+ [V{T (&40} = VT (€)m if A '

(
(0)
(
(0)

Proof The proof is obvious from Theorem 1 and the definition of (S(g),S(1))-
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(a) Piecewise polynomial g (#) (b) Piecewise polynomial S(;)(#)
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6(t) [rad/n]

(c) Exact unwrapped phase by Proposition 2

Fig. 3 Phase unwrapping for a pair of piecewise polynomials

Example 3 (Phase unwrapping for a pair of piecewise polynomials) Let us construct the
unwrapped phase of the function S(¢) := S, (t) + jS(1)(¢), where

82 — 8¢ ifo<r<l,
Sy(1):=4 87 =82 —161+16  if 1 <r<2,
—19t+54 if2 <t <3,
2t —303 452 —r—2 if0<r<lI,
Sey(r) :=4q =3t +4 if1<r<2,
—9¢% + 46t — 58 if2<r<3.

Figure 3a, b depict S(g) () and Sy)(t) respectively. From Proposition 2, by applying the al-
gebraic phase unwrapping (Theorem 1) repeatedly in each subinterval [0, 1], [1,2] and [2, 3],
we can compute the unwrapped phase () for ¢ € [0,3]. Figure 3c depicts the obtained
unwrapped phase 0s(z).
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3.3 Extension of the algebraic phase unwrapping to a pair of bivariate polynomials

In this section, we consider the two-dimensional phase unwrapping problem. Unlike one-
dimensional cases in Sects. 3.1 and 3.2, the continuity of the unwrapped phase can not
necessarily be guaranteed globally in R?. Let us start with such a simplest example.

Example 4 (Path dependence of two-dimensional unwrapped phase I) We consider the phase
unwrapping for f(x,y) := f(o)(x,y) + jf(1)(x,y) := x + jy along different piecewise C ! paths

. (t—1,—-1)  if0<r<x+]1,

Vi) (1) =

() (x*r—x*=2) ifx*4+1<r<x*+y*+2,

and

I (1) = (=1,t—1) ifO<r<y*+1,

T\ = (t—y*=2,y") ify*"+1<tr<x*+y*+2.

in [~1,1] x [~1,1] C R%. Both paths connect (—1,—1) € R? and (x*,y*) € R? in [1,1] x

[~1,1] C R2. By the definition, for each (x*,y*) € [~1,1] x [~1,1], the unwrapped phase
K

9;7 ](x*,y*) for f along fygc ‘3% (K =L,II) are expressed respectively by

042 (fig (e *<))) J(fy Oy (0))
gl — o1 1 v (f0) 0w ) (v %) d
=0 )+/o S B e ) a7 sl
_ 3m o+l (t—1) Ay 2 jlt—x*=2)
__T—’_ 0 S{t—l— }d + a1 S{x*—l—](t—x —2)}dt7
and
42 (o) (e )+ 5y (e ey ()
oM vy e g1 g ] o0y by )
Plwo=oflicn-ns [0 ot O Fifm L [

3 v 1 x+y+2 (t—y* —2)
R Y = e

4 0 —14j t—l 41 t—y* =24 jy*

K
The unwrapped phases 9;’ ](x*,y*) (K =L1) for (x*,y*) € [—-1,1] x [-1, 1] can be com-
puted, through the equivalent expression in (3), by Theorem 1 or by Proposition 2. The
results are depicted in Fig. 4a, b.
T I

From Fig. 4, we observe that both unwrapped phases 9[)7 ) (x,y) and 9? ] (x,y) are contin-
uous along the paths fy{x* ) and fy](]x* ) respectively, but are not continuous as real valued

1 I
functions defined over [—1,1] x [—1,1]. Moreover, the values of 05? ](x, y) and 6}7 ](x, y)
behave very differently over [0, 1] x [0,1]. This example implies that the two-dimensional
unwrapped phase generally depends on the path along which it is defined. (Note: In Fig. 4a,

the unwrapped phase 9[7 ] (x,y) = —7/2 for x = 0 based on the definition (4). Hence, the un-
1

4l j07 )
wrapped phase 0" * does not guarantee FOy)=1f(x,p)|e”! for ( ,y) € {0} x (0,1].

Similarly, in Fig. 4b, 9?][] does not guarantee f(x,y) = | f(x, y)|e Y for (x,y) € (0,1] x
{oh.

Next, we revisit the bivariate polynomial defined in Example 2, and observe the path
dependence of the two-dimensional phase unwrapping again.
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Fig. 4 Two different unwrapped phases for f(x,y) =x+ jy

Example 5 (Path dependence of two-dimensional unwrapped phase II) We revisit the bivari-
ate polynomial, defined in Example 2,

Fly) = (% —x9* —x* = 9x — 5y +16) + j(x*y + 2%y — 3x* + 10xy — 25x — 3).
This polynomial has a zero at (x,y) = (0.642303812449619,2.252655013605015). For any

(x*,y*) € [0,00) x [0,00), we define two piecewise C' paths 'y%x* ") [0,x* +y*] — R? and
vl(lx*ﬁy*) [0,x* +y*] — R? as

1 (¢,0) if0<t<x*
Ve yr) (1) =
() (*,r—x*) ifx* <t <x*+y*,
and
,Y]I (t) := (0,1) if0 <t <y*,
(x*,y*) (t_y*7y*) lfy* gtgx* _,’_y*.
The paths 'yﬁ ‘) (K =1, II) have same initial points 'y{x* y*>(0) = 'y?x* y*>(0) = (0,0) and
final points are 'y%x* y*)(x* +y*) = ,yl(lx*‘y*)(x* +y*) = (x*,y"). By defining X¥F; (1) € R[]

and XF (t) e R[t] + jR[t] (K =1,lland i = 0,1) as

KEo () = fioy (Ve yo) () and KF (1) := K Fg) (1) + j* F ().

Let us compute, for K = I,1I,

K/ K 1o/
o (KEL (6)+ JKF (8
01 3") = Oap (5" 437 1= ekF(0)+/0 S{ 0O+ Fiy( )}dt

KFo)(t) + j5Fpyy (1)

I I
by using Proposition 2. Figure Sa, b depict 0[;' I'and 0? ] respectively.
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Fig. 5 Two different unwrapped phases for the bivariate complex polynomial defined in Example 2

From Examples 4 and 5, we verify that the unwrapped phase 0 in general depends on
the path of integral.
The next theorem presents a condition which guarantees (i) the unique existence of the

two-dimensional unwrapped phase as a C> function and (ii) the path independence of the
unwrapped phase.
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Theorem 2 (Path independence of two-dimensional phase unwrapping) Let D C R? be a
simply connected domain. Suppose that f;, : R? — R (i =0, 1) are C*(D) functions satisfy-
ing f(x,y) == fo)(x,y) + jf1)(x,y) # 0 for all (x,y) € D. Then the following hold.

(a) (A symmetry of second derivatives)

2 .9f|
7 3 #(xvy) + J%(%)’) _d 3 agﬁ?) (x,y)+ jaff&” (x,y)
dx Foy () +if)(x,y) dy Foy(6,y) +if)(x,y)

Sforall (x,y) € D.

(b) (Unique existence of two-dimensional unwrapped phase) Suppose that 0y € (—7,7]
satisfying f(x0,y0) = | f(x0,y0)|e/%0 is given at some (xo,y0) € D, then there exist a
unique function 0y € C*(D) satisfying

0 (x0,¥0) = 0o,
9f(0) Ify

905 o 6y i ()
90s () =g Zox s
dx (x,) Jo) (6 y) +jfay(x,y)

forall (x,y) €D,

and
240 -9/
80f ay (x7y)+.] ay (.X,y)
—(x,y) =3 - orall (x,y) € D.
dy (x.7) Jio)(6y) +jfay(x,y) I ()

0y is the scalar potential of the vector field

of, Of, af, L9f|
3 =9 (x,y) + 52 (x,y) %(&ﬂ+]%(&)’) over D
foy(e,y) +ifay(y) 7 Joy(x,) +if)(x,y) '

(c) (Path independence of two-dimensional unwrapped phase 1) Suppose that Q2 is a closed
subset of D, with positively oriented boundary d€). Then we have

af af, O

59 (x,y) +J 52 (x,) bt s @)+ gt ()
o9 Joy(xy) +ifa)(x,y) Sy (6y) +ifa)(xy)
el 30, -
= P [W(xay)dx+ Ty(x,y)dy} =0.

In particular, if ' and Y are piecewise C' paths in D with the same initial and final
points, we have

20, 20, Rl 20,
/71 {W()@y)dﬁr (Ty(x,y)dy} —/7]I [W()@y)dﬁr 5y By

(d) (Path independence of two-dimensional unwrapped phase 1) Suppose v' and 4" are
piecewise C' paths in D with the same initial and final points, i.e., v : [a,b] = D and
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Y2 [e,d] — D satisfy v'(a) = v(c) = (x0,y0) € D and v (b) = ~"(d) = (x1,y1) € D.

Then
>>’ i (fn (@)’
O (x1,31) = 05(x0,y0 +/ { (t))+]f ( (1)) }dt
_ d (1) +J (fiy 0" ()’
f9f(x07y0)+/c 5{ ( Hm) +ify (V7)) }dT’

Proof See Appendix 5.

Theorem 2 guarantees that for any bivariate polynomial f(x,y) € R[x,y] + jR[x,y] not
having any zero in a simply connected domain D C R?, the unwrapped phase function @ r €
C?(D) can be defined uniquely with line integrals along any piecewise C' path in D. This fact
naturally leads to the following algebraic phase unwrapping for f(x,y) € Rlx,y] + jR[x,y]
over D.

Proposition 3 (Algebraic phase unwrapping for a pair of bivariate polynomials) Let f(;
(x,y) € R[x,y] (i = 0,1) be a pair of bivariate polynomials satisfying f(x,y) := fi)(x,y) +
ifa)(x,y) #0for all (x,y) in a simply connected domain D C R2. Suppose that 00 G ( ]
satisfying F(x0,y0) = | f(x0,y0)|/%0 at some (x0,y0) € D is given. Suppose also that two
points (x0,0), (Xn,yu) € D are connected by a piecewise C' path ~ : [0,t,] — D having
only horizontal and vertical displacements, satisfying x; = xi+1 or y;i = yir1 at (x;,y;) € D
(i=0,1,...,n—1). More precisely ~ is given by

0.0 (1) foro<tr<rm,

7X?~,)’|)(I) fortl <t<t,

(1) '
,y(xn—lv.Vn—l)(t) for t,171 S ! S tn,

where

(t—=tr+x,3)  if xip1 >x and yi =y,
) OF (—t+t+x,1) lf X1 <xp and Yy =y,
(it =ti+y1) if i1 >y and x4 = x,
(x, =t 4+t 4y1) i yip1 <y and x11 = xy,

-1

to:=0andt; .= Z (|xix1 — xi| + |yit1 —yil) (I =1,2,...,n). Define the univariate polyno-
i=0

mials

Fy, i) (t) == foy(t,y1) and Fy, (1) := fiy (x,t) (i=0,1and=0,1,....,n—1),
and define the sequences of real polynomials {¥, (1) ZV’O and {W (1) ql’o (1 =
0,1,...,n—1) by applying Algorithm 1 to nonzero polynomials (Fy,)(t),F,1)(t)) for
(a,b) = (min{x;, x4}, max{x;, xp41}), and (Fy o) (1), Fy 1) (1)) for (a, b) (mm{yz,ym},
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max{y;,yi11}). Then the two-dimensional unwrapped phase 6; (in Theorem 2(b)) at
(xn,yn) € D can be expressed by

/

w (fy () fo (1)) = fiony (1) (fi (Y (1))

o o O+ Ui r0))2 a

ef(xmyn) = 00+

where, forl =0,1,...,.n—1,

dt

_ e () fo ) = iy (10) (fig (1))
T ‘/ o) (v(t))}“r{f o))
( F

0
/xl+1 (FYI t)) (0 1) (1) (F’l )
X {F, »,g )(f)}2+{ (0}
_/ (Fy)(0)'F, —F, 1)(t)(F )
X1 {Fy ( )}2+{F>,(1>(f)
/YHI ( % ( )F 1)(l‘)
Vi {Fx,g (f)}2+{F,(1>(t
7/” (Fay(1)(1)) Fyy0) (t) = Fyy 1) (8
Visi {F, ()} +{F; (1)(t}
arctan{Qp)l x1)} iFF0) (x1)#
sgn(Wy,0(x,) Wy, 1 (x)))m/2 ’nyz (0)(x)=0,
drCtdn{QF}, x4 1) VR, () =V, ()Y if By () (x141)#0,
7T/2+[V{‘1’», xi1)}=V{Ty, (o) H if By, (0) (%141)=0,

arctan{Qp)l xXi01)} lfF‘[(o (%14-1)7#0, }

n
sgn(Wy,0(xp11) Wy, 1 (x41))7 /2 if Fy o) (x11)=0,
n

dt i x> x,

dr if xiq < xp,

g}l ) dt  ifyi1 >y,
)(
)

Q'J

10 ) dt ifyi <y,

S8}

l:fxl+1 > Xi,

if xip1 <X,
arctan{ Qp, (x))}+[V{Wy, (x)}=V{Ly, () i By 0) (x)#0,

{W/H[V{‘I’\, () }=V{®y, (1) Hm if Fy, (0 (x1)=0,
{arctan{Qal i)} if Fyy 0) 01) 70, }
sgn(

Wy 0(v) W1 (1)) m/2 lfol (0)1)=0 .
l.fyl+1 > Vi,
drctdn{QFx, Vi)YV G101}V, GO if Fyy0) 011) 70,

7T/2+[V{‘I’x, Vi) =V {Tx () Hm lfol 014+1)=0,

arCtan{QFxl yi+1)} if Fy (0) 0141) 70, }

sgn (W0 Vi1) W1 0141))7 /2 if Fy o) 011) =0, .
l.fyl+1 < i,
) arcan{Qp, (y)}+V{¥y, )} =V{Wx (i) i Fyj0) )70,

/24 [V{%y, ) }=V{ Ty, (i 1) if Fyy 0y 01)=0,
Fo1)(1) F, ()
) yi(1)
Qr, (1) := and Q, (t) := (I=0,1,...,n—1).
7, () Fy0)(t) 7 (1) Fy,(0)(t)

Proof The proof is obvious from Theorems 1, 2 and the definitions of +y, F}, and F;,.
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0.5

y X

Fig. 6 Exact two-dimensional unwrapped phase by Proposition 3

Example 6 (Phase unwrapping for a pair of bivariate polynomials over R?) Let us construct
the unwrapped phase of the bivariate complex polynomial f(x,y) := f(g)(x,y) + jf(1)(x,y)
over [0,1.3] x [0, 1.3] by using Proposition 3, where

foy(xy) == xty —dx* — 263y — Bxy + 10x — 2y°,
foy(xy) = xty —dx* —2x3y — 3xy+ 10x — 2y + 1.

Since f(1)(x,y) = f(o)(x,y) + 1 forall (x,y) € R?, we have f(x,y) # 0 for all (x,y) € R2. For
any (x*,y*) € [0,1.3] x [0,1.3], we choose the piecewise C! path Y(xy*) S

(1) = (¢,0) if0<r<x*
Y (x*,y%) T (X*J—.X*) if x* <1< x*+4y",

that is (x0>YO) = (070)9 (xlayl) = (X*70) and (x27y2) = (X*7y*)'
By applying Algorithm 1 to Fy)(t) := f(0)(t,0) = —4¢* 4+ 10¢ and Fyy(t) =

1(£,0) = —4¢* + 10¢ + 1, we obtain the Sturm sequence {U, (¢ qy:(’ as
(1) Yo k=0

Wy0(t) = —413 + 10,
Wy () = —4r* 4+ 101 + 1,
Wy (t) = 41° — 10,
\IJ}’03(t) =-1L

From F9)(0) = 0, sgn(Wy,0(0)¥y,1(0)) = 1, V{¥, (0)} = V{10,1,—-10,~1} = 1 and

Fy0)(x*) = —4x** 4 10x* # 0 for all 0 < x* < 1.3, we have

—4x* 10" + 1 ,
—7r/2+arctan{w} + V{W,, (x)} =17 if0<x* < 1.3,

0 ifx*=0.

T(X* y*) (0) =

Similarly, for 0 < x* < 1.3, by applying Algorithm 1 to F, (o)(t) := fio)(x",1) = —263 4
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(x** —2x*3 — 3x*)t — 4x** 4+ 10x* and Fo (1) = foy(x",1) = =213 4 (x* — 23 - 3x*)t —
4x** 4+ 10x* + 1, we obtain the Sturm sequence {\lelk(t)}zgo as

Uy 0(t) = =263 + (x* — 203 — 3x%)r — 4o 4 10x%,
Wy () = =26 4 (x4 — 203 = 3x%)r — 4™ 4+ 100" + 1,
\lelz(t) = 17

where we used Fy, ) (0) = —4x** 4+ 10x* # 0 and Fe1)(0) = —4x** £ 10x* + 1 # 0 for
0 < x* < 1.3. Therefore by noting ¥, ¢(0) = —4x** 4+ 10x* > 0 and v, 1(0) = —4x*
10x* 41 > 0 for 0 < x* < 1.3, we have V{¥,, (0)} = 0. Moreover, for x* = 0, we have
Foy(0)(0) =0, F, 0) (") = £{0)(0,y") = =2y # 0 for 0 < y* < 1.3 and

\I’Xlo(t) = —27
Uy (t) = —263+1,
\I’xlz(l‘) = 2,

which implies sgn(¥y,0(0)¥y,;(0)) = —1 and V{T,, (0)} = V{¥,, (y*)} = 1. To summa-
rize, we have

x4 3
=4 10X 41
—arctan
{ — x40+

+{ arctan{%:ji;}+V{\IJX1 )} if fo)(x*0")#0, ¢ if0<x*<1.3and0<y"<1.3,
T ey (1) = 7 /24V{ Ty, ()} if gy (x* 5*)=0,

7r/2+arctan{%i§rl} if x*=0and 0<y* <13,

0 if y* =0.

Finally, the unwrapped phase 6 r(x*,y*) is expressed as
af(X*vy*) =7/2+ T(x*,y*) (0) + T(x*,y*)“)

because f(g)(0,0) = 0 and f{;)(0,0) = 1 imply 6/(0,0) = 7 /2. Figure 6 depicts the un-
wrapped phase 0¢(x,y) for (x,y) € [0,1.3] x [0,1.3].

4 Stabilizations of the algebraic phase unwrapping along the real axis
4.1 Numerical Instabilities of Algorithm 1

To implement Algorithm 1 (Sturm-7R) precisely, we need large number of digits to express
the rational coefficients of the polynomials Wy () (e.g., see Example 1). This phenomenon
is exactly same as the coefficient growth well-known in the computation of the polynomial
remainder sequence through the Euclidean algorithm (Brown and Traub 1971). In com-
puter implementation of 84 (¢) in Eq. (9) through Algorithm 1, the coefficient growth causes
the truncation error in the floating-point expression of the rational coefficients (or memory
shortages by increasing number of digits for exact expression of the rational coefficients).
In particular, once a serious information loss (by the addition or subtraction among num-
bers of ill-balanced absolute values) or catastrophic cancellation (by the subtraction num-
ber very close numbers) occurs, the gap between theoretical values and numerical values of
{W,(r)}{_, by digital computer becomes unacceptably large (see Example 7).
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Example 7 (Catastrophic cancellation) The Sturm sequence {W(¢)}3_ obtained in Exam-
ple 1 is expressed in decimal number expression as

Wo(t) =13 — 11112 4 0.356¢ — 0.0255,

Wy (1) = 14 — 2.5253 +2.29995¢% — 0.906172¢ +0.131222,

Uy (t) = —13 + 1.11£2 — 0.356¢ +0.0255,

W3(t) = —0.37331% +0.376932¢ — 0.0951395,

W,(t) = —1.0683812872... x 1041 +5.5025263559... x 105,
Ws(t) = 2.8269837842... x 1075.

From Example 1 and the above decimal expression of {W(r)};_,, we observe that the
absolute value of the coefficients of Wy (r) decreases drastically from k =3 to k = 4. It is
well-known that such a phenomenon often happens in particular when there exists a close
root pair among the roots of Wy (z) and those of W, (¢) (Sasaki and Sasaki 1997, 1989).

In order to deal with the coefficient growth observed widely in the Euclidean algo-
rithm (Brown and Traub 1971), consider the situation where we compute {\I/k(t)}z:o with

a digital computer based on 64-bit floating point operations. From 1, we expect |lc(¥4)| =
27788829033

260102169185000

27788829033
(260102169185000>f64

= 1.1100000000011100100100010011010010101000110011001101, x 2714
= 1.0683812872485099;9 x 1074,

can be approximated in the computer as

where (), stands for the 64-bit floating point expression of o € R. Unfortunately, in the
process of computation of lc(W4) from the coefficients of W, (z) and of W3(¢), we encounter
a severe loss of significant digits (this phenomenon is so-called the catastrophic cancella-
tion) as follows.

(—1)x0.376932
(1.11—%)@ 0.376932

(—1)x(—0.0951395)
B —0.3733

—(0.356)1‘64_( —0.3733

= 1.1100000000011100100100010011010010101101010000000000, x 214
= 1.0683812872509801 9 x 1074,

4
Joad fou

This fact suggests that it is hard to compute the coefficients of {W(r)}7_, by a direct
computer implementation of Algorithm 1 (Sturm-R). Indeed, such inaccurate computations
of the coefficients lead to failure in counting the sign changes in the Sturm sequence, causing
thus numerical instability of the algebraic phase unwrapping.

Once the information loss or the catastrophic cancellation occurs, this influences in-
ductively in the process of Algorithm 1, which results in the loss of the central property in
Lemma 1(c)

(") =0atr* €[0,1] = Wy (") Wy (1) <0 (k=1,2,...,g—1),

leading thus to the failure of the computation of (9). This situation restricts the practical
applicability of Theorem 1 especially for polynomials of large degree.



24 Daichi Kitahara, Isao Yamada

4.2 Stabilization of the algebraic phase unwrapping by subresultant sequence

In Section 4.1, we introduced a typical phenomenon causing the considerable gap between
theoretical values and numerical values of { Wy () }Z:O by a digital computer implementation
of Algorithm 1 (Sturm-R). In this subsection we present an idea to stabilize the algebraic
phase unwrapping along the real axis by replacing Algorithm 1 with new algorithms based
on subresultant sequence.

By using Fact 2 repeatedly, we have the following propositions and theorem.

Proposition 4 (Relation between the subresultant sequence and the polynomial remainder
sequence) Let {P(t)}{_, (q > 2) be the polynomial remainder sequence defined inductively
as in Remark 3 for deg(Py) > deg(Py).

(a) For any k € {1,2,...,q— 1}, Sres;(Py,Py,t) (i € [deg(Pey1),deg(P;) — 1]) can be ex-
pressed as

Adeg(P,)—1Per1(F)
fori=deg(P)—1,

Sres;(Py, P1,t) =14 0 foric [deg(Pey1)+1,deg(P)—2] (if deg(Pey1) <deg(Pi)—2),

Mdeg(Pyy ) (16(Pey) ) e8P deeBe) IRy ()
Jori=deg(Pet1),

(10)
where, for i = deg(P;) — 1,deg(Pey1),
k—2
A= H (—1)dee(Pn)~deg(Pu)+1)(dee(Pur1) =) (1¢(p, , | ) )dee(Pr) ~dee(Pur2)
n=0
x (—1)deg(Peor)—deg(Ro)+1)(deg(R)—1) (1o (p, ) )deePe-1)=i £ an
(b) In particular, if det(M;(Py,P1)) # 0 for all i € [0,deg(Py) — 1], we have
deg(Pey1) = deg(P) — 1 =deg(P) —k
k
deg(Py)—deg(Py)+1 (12)
)‘deg(l’k)*l = Adeg(PkJrl) = ((71)](1(3(131)) celf)—deelf) H (lc(Pn))z

n=2
forallk e [1,q—1].
Proof See Appendix 6.

Proposition 5 (Recursive computation of leading coefficients of the polynomial remainder
sequence) Let {P(t)}{_, (g > 2) be the polynomial remainder sequence defined inductively
as in Remark 3 for deg(Py) > deg(Py).

(a) Suppose that for some | € [1,q — 1] the values of deg(P;) and Ic(P;) (i =0,1,...,1) are
known. Then the values of deg(P11), Ic(Py1) and sgn(P11) are obtained as follows.

deg(Pr11) = deg(Fy) —min{s € N* | det(Maeg(p)—s(Po, P1)) 7# O},
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deg(P’)deg(P’*‘\)/det(Mdeg(PM) (Po,P1))
Adeg(Pr11)
if (deg(P;) —deg(P1+1)) is odd,

Adeg(B)—15TCSaeq(py, ) (PO, 1 7)

Adeg(Pry 1) STeSdeg(py)—1 (Fo, P, 7)

(with use of any T € R s.t. i1 (1) #0)
if (deg(P) —deg(Pi41)) is even,

le(Py1) = deg(l’z)deg(1’1+1)\1/

and

sen (Mgt ) detMasg(r, ) (Po-P1)))
if (deg(Py) — deg(Pi11)) is odd,

sgn(lc(P1p)) =4 80 (Adeg(l’z)fl)‘deg(l’m)

X Sresdeg(m,l (P()7P1 ,T)Sresdeg“;l“)(})(),P] 77'))
(with use of any T € R s.t. P1(7) #0)
if (deg(P)) —deg(Py41)) is even.

(b) In particular, if det(M;(Po,Py)) # 0 for all i € [0,deg(P;) — 1], we have

det(M, Py. P,
Ic(Peyy) = et(Macg(p) -k (Po, P1))

k
((=Df1e(py)) === T (1e(R))?
1=2
sen(lc(Pey1)) = sgn(((—l)klc(H))deg(PO)_deg(Pl)H det(Mdeg(Pl),k(Po,pl)))

forallk e [l,q—1].
Proof See Appendix 7.

Theorem 3 (Relation between the sign of the Sturm sequence and the sign of the subre-
sultant sequence) Let {W;(t) Z:O be the Sturm sequence obtained by applying Algorithm

1 10 A(o)() and Ay (t), and let {Pi(t)}{_, be the polynomial remainder sequence defined
inductively as in Remark 3 for Py(t) := Wo(t) and Py (t) := ¥1(1).

(a) Ifdeg(Vy) > deg(V) and g > 2, we have

* e Lk deg(Wy_)—deg(¥))—1
sgn(Ty (")) = (—1) 2 'fé?g(q,k)(Sgn(IC(Pk))) eg(Wy—1)—deg(¥y)

X sgn (Sresdeg(q,k)(\llo,\lll,t*)) (k=2,3,...,9), (13)

where

k—2
Ké?g(w =11 [(_1)<deg<m>—deg<wn+1)+1><deg<%+1)—deg<wk>)

n=0
X (sgn(le(By 1)) o),
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In particular, if det(M;(¥o, V1)) #0foralli € [0,deg(V ;) — 1], we have g = deg(V) +
1 and

sen(Wy (1)) = (_1)Lzl)](Jr(kfl)(deg(\Ilo)—deg(\In)+1)

(\Ill)))deg(‘ll()) deg(¥y)+

x (sgn(lc 'sen (Sresgeg(w,)—kr1(¥o, ¥1,1"))

(k=2,3,....deg(¥)+1). (14)

(b) If deg(Wo) < deg(Vy) and g > 3, we have sgn(V,(t*)) = —sgn(Wo(¢*)) and

N (k—1)k e N
sgn(U(t*) = (—=1) 2 é?g( )(sgn(lc( )))deg(‘l’k 1)—deg(¥y)—1

X sgn (Sresgeg(w,) (U1, Wo,1%)) (k=3,4,...,q), (15

where
n k—2
1 f— Wy ‘I’n+ 1 ‘Iln+ L4
K (W) | | I:(_])(deg( )—deg( 1)-+1)(deg( 1)—deg(¥y))

% (Sgn(lC(Pan)))deg(‘l’n)*deg(‘l’n+2):| )

In particular, if det(M;(¥1,W)) # 0 for all i € [0,deg(¥o) — 1], we have g = deg(¥o) +
2 and
(k— l)k

sgn(U(t%)) = (— 1) +(k—2)(deg(W)—deg(¥o)+1)

% (Sgn(lc(\po)))deg(\Ill)fdeg(\Ilo)+1

sgn (Sresgeg(wy)—k+2(¥1, ¥o,1%))
(k=3,4,...,deg(¥p)+2). (16)

Proof See Appendix 8.

The relations (13), (14), (15) and (16) imply that we can compute each sign of W (1*) by
{Sres;(Po, ‘IﬁJ*)}?ig(qll (or {Sres; (U, Po,1 )}?e%(% ) without computing the coef-
ficients of {W(z)}7

Algorithm 2 below evaluates the signs of {U(r*)}{_, based on (14) and (16). In prac-
tice, Algorithm 2 plays an adequate role because the condition:

det(M; (T, W;)) # 0 for all i € [0, min{deg(¥p) — 1,deg(¥;) — 1}] (17)

holds almost always. For completeness, we present Algorithms 3 based on (13), (15) and
Proposition 5(a) for universal use to evaluate the sign of {W;(r*)}7_,. Note that the co-
efficients of Wy (¢) € R[t] (k =2,3,...,q) are not necessary for evaluating the signs of
{W(r*)}1_, in Algorithm 2 and 3. In Algorithms 2 and 3, we use for simplicity, the fol-
lowing notations: deg, := deg(¥y) and slc; := sgn(lc(P;)).The computational complex-
ity for each determinant Sres;(¥o, ¥1,1*) is at most O ((deg(Wo)-+deg(W¥)—2i)"°%2") ~
O ((deg(Wo)+deg(W)—2i)>8!) (Aho et al. 1974).
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Algorithm 2 Proposed algorithm for computing (9) under Condition (17)
Input: A()(t),A(1)(r) € Rt] and a,b € R (s.t. A (g () + jA(1)(t) # 0 for all ¢ € [a,b] and A(g)(1),A () # 0)
A (2 Ay (t
() oy ()
(t—a)eo (t—a)a
(where e; denotes the order of f = a as a zero of polynomial A; () (i = 0,1))

1: \I/()(t) —

: deg) — deg(Wy), deg; «— deg(¥), slcg < 1c(Wy), sley < 1c(Ty)
: if degy > deg, then
for k =2 to (deg, +1) do

sgn(We(r*)) e (1) 57+ dem—demy +1) ez —demitl o rog (W0, 0y 17))
end for
else
sgn(Wa (")) = —sgn(Wo ("))
for k =3 to (degy+2) do

k—1)k —
sen(U (1)) (1) +(k=2)(deg —dego +1) 5181~ 80 sgn (Sresgeg, g1 (1, Wo, 1))

11: end for

12: end if )
Output: {sgn(T(r*)) }?;%{deg“z’deg‘ﬂ}

R AN U S ol

_
e

5 Numerical Example

In this section, we examine the numerical performance of the algebraic phase unwrapping,
based on Theorem 1 using Algorithm 2, in 64-bit floating point arithmetic (which has 53
bits of precision) and multiple precision (MP) arithmetic with 80 and 100 bits of precision.
(Note: MP arithmetic enables us to compute with designated precision although it takes in
general much longer time than the floating point arithmetic). To make the situation likely to
cause numerical instability of the algebraic phase unwrapping over [0, 1], based on Theorem
1 using Algorithm 1, we generate randomly a pair of polynomials:

Ag)(t) := (t—0.1)(r —0.21)(r — 0.5)(r — 0.75)(r — 0.8)A() (1) as)
Ay(t) = (t70.15)(t70.2)(t70.34)(t70.35)(t70.81);4\(1>(l) ’

where (i) A (0)(t) is a polynomial of degree 35 whose 5 roots are generated by the uniform
distribution over {(—5,—1)U(1,5)} and 15 complex conjugate pairs of roots are gener-
ated by the uniform distribution over {(—1,—0.5) U (0.5,1)} = j{(—1,-0.5) U (0.5,1)},
(ii) A\U)(t) is a polynomial of degree 15 whose 5 roots are generated by the uniform dis-
tribution over {(—5,—1)U(1,5)} and 5 complex conjugate pairs of roots are generated by
the uniform distribution over {(—1,—0.5) U (0.5,1)} £ j{(—1,—0.5) U (0.5,1)}, and (iii)
mmc(A g)) = mmc(A(;)) = 1. Note that polynomials Ag)(¢) and A(;(¢) in (18) have close
root pairs (0.21,0.8) = (0.2,0.81), which likely causes the catastrophic cancellation ex-
plained in Sect. 4.1. In this numerical simulation, since all roots of A () and A(y)(z) are
known, we can compute the exact unwrapped phase by using Eq. (7). Hence we can ver-
ify whether Algorithms 1 and 2 succeed or not in phase unwrapping with Eq. (9). Figure 7
depicts one example where Algorithm 1 fails in phase unwrapping at ¢t = 0.2 and r = 0.81
while Algorithm 2 succeeds in phase unwrapping over [0, 1]. Table 1 summarizes the result
for 1000 trials, where we observe that (i) in 64-bit floating point arithmetic, the total number
of pairs of polynomials (A g),A;)) in failure by Algorithm 1 is reduced to less than 1/24 by
replacing it with Algorithm 2, and (ii) Algorithms 1 and 2, using MP arithmetic with 80 and
100 bits of precision, reduce further the total number of failures.
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Algorithm 3 Proposed algorithm for computing (9) in general cases

Input: A()(t),A(1)(r) € Rt] and a,b € R (s.t. A (g () + jA(1)(t) # 0 for all ¢ € [a,b] and A(g)(1),A () # 0)

1:

\I/o(t)(—

A (t)
(t—a)o’

Ay (1)
(t—a)a

\Ill(t)%

(where e; denotes the order of f = a as a zero of polynomial A; () (i = 0,1))
2: deg « deg(¥y), deg; < deg(¥), slcg < sgn(le(Wy)), sle; < sgn(le(¥y))
3: if deg, > deg; then

4: i1, k1

5 while det(Mgeg, —i(¥o, ¥1)) = 0 and (deg;—i) > 1 do

6: i—i+1

7: end while

8: while (deg,—i) > 1 or det(My(¥o, V1)) # 0 do

9: deg; | « deg;—i

o Ndeg—1 H’:L;%(_l)(degrdegm+1>(degn+1*degwl)(s1cn+l)degwdegn+z

. % (_l)degk,]—degk-#l (slck)degk,l—degkﬂ

11: Adegg,y H’;;(l)(,l)(degfdegm 1+l)(degmvdegm1>(Slcn+l)degfdegn<z

12: if (deg,—deg; ) is odd then

13: slegrn < Sgn()‘degkﬂ det(Mdeng (Wo,¥1)))

14: else

15: slegr1 < Sgn(Adeg,—1 Mdegy., , SteSdeg,—1 (Yo, W1, 7)Sresdeg, ,, (Yo, V1,7))
16: end if o)

N (k+ degy—degyy —1 .

17: sgn(Wig1 (1) < (1) 77 Adegy,, slckiglk s sgn(Sresqeg,,, (Yo, ¥1,1"))
18: i 1L k—k+1

19: while det(Mgeg, —i(Wo, ¥1)) = 0 and (deg;—i) > 1 do
20: i< i+1
21: end while
22: end while
23: else
24: deg, < deg, slca < slcg, sgn(Wo (1)) «— —sgn(Wo(r*))
25: i1, k2
26: while det(Mgeg, (¥, %)) = 0 and (deg;—i) > 1 do
27: i+—i+1
28: end while
29: while (deg,—i) > 1 or det(My(¥, ¥p)) # 0 do
30: deg; | < deg,—i

- Ndeg,—1 Hﬁ;zl(_1)(degn’d5gn+l+1)(d5gn+]7d5gk+l)(slcn+|)dEgn’dEgnJrZ

o % (_l)deg/‘,] —deg;+1 (Sle)degkflideg/‘Jrl
32: Megy,, < Hi‘l;i(71)(degn*degn+1+1)(degn+1*degkﬂ)(slcnﬂ)degn*degnn
33: if (deg,—deg; ) is odd then
34: slegr1 < Sgn(Ndegy,, det(Mueg, ., (W1, P0)))

35: else
36: slegy 1 ¢ 2n(Adeg, —1 Mdegy, | ST€Sdeg, —1 (Y1, Yo, 7)Sresdeg, ., (Y1, Yo, 7))
37: end if )
‘ (k+ degy—degyy 1 ‘

38: sen(Wrpy (1)) <= (=1) 77 ey, slckeflk s sgn(Sresdeg, , (U1, Wo,1*))
39: i1k k+1
40: while det(Mgeg, i(¥1, %)) =0 and (deg;—i) > 1 do
41 iitl
42: end while
43 end while
44: end if

Output: {sgn(¥,(r*))}1_,
Remark: In lines 15 and 36: 7 € R should satisfy Py (7) # 0.
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Fig. 7 Estimations of the unwrapped phase with Algorithm 1 and Algorithm 2

Table 1 Performance comparison for pairs of random polynomials

Total number of pairs of polynomials (A(g),A(;)) in failure

Algorithm

64-bit floating point ~ MP with 80 bits of precision =~ MP with 100 bits of precision
Algorithm 1 249 (among 1000) 9 (among 249) 5 (among 9)
Algorithm 2 10 (among 1000) 7 (among 10) 5 (among 7)

6 Concluding remarks

In this paper, we have extended and stabilized the algebraic phase unwrapping along the
real axis. First, by removing a critical assumptions premised in the original algebraic phase
unwrapping, we have extended the algebraic phase unwrapping for a pair of piecewise poly-
nomials. Second, we have elucidated the path independence of two-dimensional phase un-
wrapping completely, and extended the algebraic phase unwrapping for a pair of bivariate
polynomials. Third, after clarifying the complete relation between the Sturm sequence, gen-
erated by Algorithm 1, and the subresultant sequence, we have shown that the algebraic
phase unwrapping along the real axis can be stabilized significantly, by evaluating directly
the signs of the Sturm sequence, in the terms of the subresultant sequence.

Acknowledgements This work was supported in part by JSPS Grants-in-Aid (B-21300091).



30 Daichi Kitahara, Isao Yamada

Appendices
Appendix 1: On the expression and the integrability of 6¢

Without loss of generality, we can assume G(t) := GCD(C(¢),C(t)) € R[t] and B(t) # 0 for
allt € R. Let Z¢ := {r € R| C(t) = 0}. Then by C(t) = G(¢)B(t), it follows that
C't) G B()

et~ G + B(1) forr e R\ Z¢.

S{CC/((:))}:S{ZI((Z))} forallr € R\ Z¢,

which, together with | Z¢| < oo, ensures (3). Furthermore, by the continuity of
H():=3 {B’m } _ BB (1) ~ By (1) By (1)
B(t) {Boy() > +{Buy()}* ~
the integral in (4) is well-defined. O

Moreover, we have

Appendix 2: Proof of Proposition 1

By
Al (A (1) = Agy (1)Afg) (1)
{A@) ()2 +{An(1)}?
for all 1 € (a,b) \ Za,, and [Z,,| < 0o, we can express the 04(*) in (5) in terms of
arctan{ Q4 (¢)} as follows.
@O If ZA(O) =@ ort* < py, we have

(arctan{ Q4 ()})' =

0a(1") = ba(a) + | " (arctan {Qa(1)})' dr
= 64(a) —ILiIIIIJlroarctan{ Qa(t)} +ti£910HCtan{QA(t)}'
and A(f") = Y X(u)=0in (7).
/LiE((l,t*)

(D) If Z4, # @ and t* > py, by letting 1y := max ({1, i1y, ..., 1.} N[a,t*)), we have
l*
0a(1") = 6a(@) + | (arctan {Q4(1)})dr
a

— Oa(a)+ / " (arctan {Qx (1)} dr

1%

Bl
3 [ Garetan{Qu(0)}) i+ [ (aretan{ @4(0))
i1 Hi

H
=0a(a)— lim arctan{Qa(¢)}+ lim arctan{Qs(¢)}
t—a+0 t—=t*—0

k
+Z lim (arctan{Qn(71)} —arctan{Q4(72)}). (19)

i=1 T1—=pi—0
T2*}H,‘<‘r0
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Furthermore, for u; (i = 1,2,...,k) and sufficiently small £ > 0, we have the following

relations.
(i) IfAo)(t)Aq1)(t) > 0 fort € (p; — e, p1;) and Ay (£)A(1)(t) <O fort € (1, p1; +€),
then
lim Oarctan{ ()} =m/2,
t—pui— _
lim arctan{Qa(t)} = —7/2, and & (p) =1
t— ;40

(i) If Ay (t)A(1)(t) <O fort € (1; —e,p;) and A(q) (1)A()(¢) > O for t € (11 +€),
then
lim arctan{Qu(t)} = —7/2,
t—p;—0

lim arctan{Q4(¢)} = 7/2, and & (py) = —1.
t—rp;+0
(>iii) Otherwise,

lim arctan{Q4 (1)} = Hliur_r1+()arctan{ Q4(t)} =+7/2, and X(y;) =0.

t—rp;—0

From (i), (ii) and (iii), we have

lim (arctan{Q(71)} — arctan{Qx(72)}) = X (1;) 7. (20)
T1—=p;—0
T;H}}jr‘ro
Finally, (19) and (20) yield (7). O

Appendix 3: Proof of Lemma 1

For the readers’ convenience, we present proofs of all statements.

(A) Proof of (a): Assume ¥, (r*) = 0 at some ¢* € [a,b]. Since W (1) is GCD(¥o, ¥y ), we

A(O)(t) An)
have Wy (+*) = ¥, (¢*) = 0. Moreover, Wy (t) := = a and ¥ ( ) (t—a)fl imply

Wo(a) # 0 and ¥, (a) # 0, and hence, Ay (t*) = ( *) = =Am(t*)=0at
some t* € (a,b]. This contradicts A(t) = A( (t) + jAm (1) # for all 7 € [a,b]. As a
result, U, (1) # 0 for all t € [a,b].

(B) Proof of (b): Assume Wy (+*) = Wy (r*) = 0 at some t* € [a,b]. Then GCD (¥, V) =
GCD(Wy, Wy, 1) implies Wo(t*) = Wy (¢*) = 0, which contradicts A(#) = A)(t) +
Aq)(t) #0forallt € [a,b].

(C) Proof of (c): Suppose W;(t*) = 0. Then from (b), i.e., Wg_1(¢*), Upt1(r*) # 0, and
\Ifk+1(l‘*) = —\Ifkfl( )+Hk(t ) ( ) = —\I/kfl( ), we have \I/kH(l‘*)\I/k,l(l‘*) < 0.

(D) Proof of (d): Since (t —a)% >0 (i =0,1) for a < t < b, the proof is obvious.
(E) Proof of (e): From W;(a) # 0 and the continuity of ¥;(¢) (i=0,1) , we have

A (t)
(t—a)*

lim sgn(A(;)(¢)) = lim sgn(

t—a+0 t—a+0

l-> =, lim sgn(W;(r)) = sgn(¥i(a)) #0
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Appendix 4: Proof of Theorem 1

We derive computable expressions for

lim arctan{Q ()} and lim arctan{Q4(#)}+ A(t")w
t—a+0 t—1*—0

in (7) as follows.

(A) Computable expression for limoarctan{QA (1)} in (7):
t—a+

(D If Ag)(a) # 0, we have t lin}ro arctan{ Q4 (r)} = arctan{ Q4 (a)}.
(D) If Ag)(a) = 0, then

7T/2 if lim sgn(A(())(t)A(])(t)) =1,

t—a+0
lim arctan{Qa(?)} = @D
1—a-+0 {Qa0)} —m/2 if lim sgn(A () (1)Aq (1) = —1.

t—a+0

From Lemma 1(e) and (21), limoarctan{ Q(t)} in (7) can be expressed as
t—a+

tl}igl_oarctan{ Ou(t)} =sgn(To(a)T(a))r/2.

(B) Computable expression for lim Oarctan{QA (£)}+ A ) in (7):
t—t*—

To derive the relation between V{W ()} and X (y;) (i=1,2,...,z), we have to know the
behavior of V{W(¢)}. Since the real polynomials W (7) (0 < k < g) are all continuous,
any point where V{W ()} changes must be in the neighborhood of a zero of some W (t)
(0 <k < g). Let us observe the behavior of V{¥(¢)} in the neighborhood of a zero of
W (t) for 0 < k < q. Suppose

Uy(n) =0 forn € [a,b].

From Lemma 1(c) and the continuity of W;_(¢) and Wy (z), there exists a sufficiently
small € > 0 such that

Uy 1 (1)W1 (t) <0 forallz € (n—e,n+e)N[a,b]. (22)

From (22), all the possibilities of the sign of (Wj_;(t), Ui(r), ¥ri1 (7)) in ¢ € (n—
e,n+e)N[a,b] are (+,+,—), (—,%,+), (+,0,—) or (—,0,+). In all cases, the number
of sign changes among (W;_1(z), ¥y (1), ¥ 1(¢)) is 1. Therefore V{¥(¢)} does not
change in the neighborhood of a zero of W;(¢) for 0 < k < g. Moreover from Lemma
1(a), any change of V{¥(r)} is caused only by the sign changes of (Uy(r), ¥ (¢)) in
the neighborhood of a zero of Wy (z).

To wrap up, for any point &; (i =0,1,...,z) such that
a<&<m<E < << <p<E<b,

we have
V{U(&o)} ifa<t<py,
V{W(E)} if py <t <py,
V{¥()} = . (23)

VIW(E,)} ifp, <1 <b.
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(M If 24, =dort” e (a, 1), we have t_l)itgloarctan{ Q4(t)} =arctan{ Q4 (¢*)} and

VEW(E)} —V{¥(@)m = [V{¥(&)} - V{¥(E)Nr=0=" > X(u)

i €(a,t*)

a It ZA(o) # I, u <t*<bandt* # u; (i=1,2,...,z), Lemma 1(b) and the conti-
nuity of W (¢) ensure the existence of a sufficiently small & > 0 for y; such that

(i —&,pi+¢] C (a,b)
Uy (t)#0 forallt € (u; —e,p; +¢) (24)
Wo(t)W1(t) #0 forallz € (p; — e, ;) U (i, 1 + )

We fix arbitrarily &;_; € (y; — e, ;) and &; € (p;, j1; +€).

Q) If A)(AL) (1) > 0D Wy ()T, (1) > 0) fort € (1 —e,p;) and
ADAL @) < 0(“EED Ty W(1) < 0) for 1 € (upi+e), we
have sgn(Wo(&;1)) = sgn(¥1(&§-)) and sgn(Wo(&;)) = —sgn(¥(&))).
Then the number of sign changes of (¥o(§;_;),¥1(&;_;)) is 0, and that of
(To(€0), W1 (£))) is 1. Moreover by (23), we have V{¥ (&)} = V{¥(¢)}.
Hence, we have
V{(E)} = VIW(& 1)} =V{T(E)} —V{¥(& 1)} =1 and X(y,)=1.

Qi) I Ay (1A (1) < O™ VW (1), (1) < 0) for 1 € (u;—e,p;) and
Ay (A (@) > O(Le@(d) Wo(1)¥(t) > 0) for t € (p;,p+e), we
have sgn(Wo(&;1)) = —sgn(¥1(&;1)) and sgn(Wo(&;)) = sgn(¥1(&))).
Then the number of sign changes of (Uo(&;_;),¥1(£;_1)) is 1, and that of
(To(€)), W1 (£))) is 0. Moreover by (23), we have V{¥(£))} = V{¥(¢)}.
Hence, we have
VW) =V{P(E )} =V{W(E)}-V{T(& 1)} =—1 and X(y;)=~1.

(i) I Ay (A (1) > O™ P wy (1), (1) > 0) for 1 € (u;—e,p;) and
Ay (A () > O(Ler&al(d) Wo(t)¥1(t) > 0) for t € (py,p;+¢), we
have sgn(Wo(&; 1)) = sgn(¥1(§; ;) and sgn(Wo(&)) = sgn(¥(&))).
Then the number of sign changes of (¥g(&;_;),¥1(&;_;)) is 0, and that of
(To(£)), W1 (£))) is 0. Moreover by (23), we have V{¥(£))} = V{¥ ()}
Hence, we have
VW) —V{w (& ) =V{w(E)} —V{¥(& 1)} =0 and X(y;) =0.

(v) If Ay (DA (1) < O(“EE D Bo(1) Wy (1) < 0) for 1 € (sy;—e,p;) and

Lemma 1(d)
Ag)(DAq (1) < 0(T =" Wo(t)W(r) < 0) for 1 € (p;p;+€), we

have sgn(Wo(&;1)) = —sgn(¥1(&;1)) and sgn(Wo(&})) = —sgn(¥1(&7))-
Then the number of sign changes of (¥¢(&;_;),¥1(&;_;)) is 1, and that of
(Uo (&), W (£))) is 1. Moreover by (23), we have V{¥(£)} = V{¥(£)}.
Hence, we have

VW (&)} = V{W(&-1)} = V{¥(E)} —V{¥(§i1)} =0 and X(p;) =0.
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As a result, in all cases (i), (ii), (iii) and (iv), we have
V{W(E)} —V{¥ (&) = X (1)

Finally, by letting 1; := max({zty, to,..., .} N[a,t*)) in the definition of A(r*),
we have, from A ) (t*) # 0 and (23),

litr*lloarctan{QA(t)} + A

k
= arctan{ Q4 (t*)} + ZX(ui)ﬂ'
i=1

k

= arctan{ Q4 (t*)} + Z[V{‘D(fz)} —V{W(§_1)}m

=1
= arctan{ Qa (1)} + [V{W (&)} — V{¥ (&) Hm
= arctan{ Q4 (t)} + [V{T(t")} — V{¥(a)}]r.

I If ZA(O) # @ and t* = ;. for some k€ {1,2,...,z}, Lemma 1(b) and (d) ensure
sen(W1 (1)) = sen(A ) (1)) # 0. and we have

m/2 ileLmiosgn(A(o) M)Ay () =1,
lim arctan{Q,(t)} = o (25)
1= =0 —m/2 if lim sgn(Aq)(1)Aq) () = —1.
t—p—0

Fix &;_; and &; (i = 1,2,...,k) in exactly same way as shown in the beginning of
(II). Then we have V{W (&)} —V{¥ (& )} =X(u) (i=1,2,...,k—1).

(1) Ift litgﬁn_0 arctan{ Q4 (r)} = /2, Lemma 1(d) and (25) ensure sgn(¥o(&;_;))=

sgn(W(&_,)) #0and sgn(WYo(u,)) = 0, which imply that both of the num-
bers of sign changes in (¥ (&,_1), U1 (&) and in (Uo(py), Wi(py)) are 0.
Hence, we have

VAW ()} = VP (E1)}-

As a result, we have

k—1
lim aretan{Qu (1)} + A(r*)m = m/2+ ;:X(m)w

k-1
=m/2+ Z[V{‘I’(fz)} —V{W(& 1) }m
i=1
= 7/24 [V{W(&-1)} = V(o)
/24 VW) - VP @Y. 29)
(ii) Igi%gloarctan{ Qa(t)}=—m/2, Lemma 1(d) and (25) ensure sgn(Wo (&1 )) =

—sgn(U(&x_1))#0 and sgn(¥o(py)) =0, which imply that the number of
sign changes in (W(&;_1),¥1(&_;)) is 1 while the number of sign changes
in (Wo(g), ¥1(py)) is 0. Hence, we have

VAW ()} = VAW (&)} — 1.
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As a result, we have
k—1

im aretan{Qu (1)} + A(r*)m = —m/2+ Z:X(ui)w

k—1

= /24 Y [V{(&)} - V{¥(& )Hn
i=1

= —m/2+ [V{W(& 1)} = V{¥(&)Hm

= —m/24+ [V{¥ ()} +1-V{¥(a)}]m

=7/2+4 [V{¥ ()} —V{¥(a)}]r. 27

From (26) and (27), for both cases (i) and (ii), we have
l_l,itr*n_oarctan{ o)+ A )T =724+ [V{T(*)} —V{¥(a)}]r.

(IV) Suppose that Z4 # @andt* =b.

(i) If Agy(b) #0, ie., V{V(E,)} = V{¥(b)}, we can deduce, in almost same
way as in proof for (I),

r_l)ilgfrloarctan{QA (1)} A" )m = arctan{ Qa (¢*) }+[V{¥ (") } -V {¥(a) }| 7.

(i) If A (b) = 0, by imposing additionally, to the conditions of € > 0 in (24),

b—e>a
U (1) #0 forallt € (b—e,b)
Wo(t)Ty(t) #0 forallt € (b—e,b)

and fixing arbitrarily £, € (b —¢,b), we can deduce, in almost same way as
in proof for (III),

lim arctan{ Q4 (1)} +A(t")m = 7/2+ [V{(r")} —V{¥(@)}]r.

=" —
From (A) and (B), we obtain (9) for all t* € (a,b]. ad
Appendix 5: Proof of Theorem 2

(A) Proof of (a): From

af, LOf, 9y
3 { %(XJ’)‘H%(?@)’) } _ ( y

Foy(xy) +jfay(x,y)

(53)) fioy(069) = fiy 03) (52 (6.9))
Vo )P+ En)p ’

o o
ey 4 gt ()

f(())(xvy) +.]f(|)(x7y)

the denominator of % (S { }) is [{fio) x>+ {fm(x,y)}z}z, and

the numerator is
| (500 ) S )= 0) (S ) ) | [0 Y2 )
(20 e (292 () ) (22 ) ) (2292 ) ) | T G2 ()]

[(afl) )(af<1 ) (af (x 7y))( f(o ) (x, Y)ﬂ 0) (%,Y) firy (x,).
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(B

~

©

Similarly, from

o f ) + 7 ) :(%(w))f(m(x,y)—ﬂ><xy>(f (x))
f(())(xvy)—"_jf(l)(xvy) {f(O)(xvy)}2+{f(l) Y )} ’

9/10) Z240)
the denominator ofa% (S{ g (0))+J 5 (%) }) is [{f(o)(X,Y)}z-lr{f(l)(x,y)}z}z, and

Foyxy) +ifay ()
the numerator is

(58209 s )=o) (55200 )| [ )i ()
(52 00 ) (22 )+ (B2 06) (B2 0 0) | iy o) Py (6301
~2 (2200 (B2 1)~ (22 ) (H2 ) | fiop () iy ).

% fi

92
Then, since f{;) € C*(D) (i=0,1) ensure 5 j;() (x,y) = Trox ) (x,y) for all (x,y) € D, we
have

a4 Ty +i%en ] a o] By + % wy)
dx Foy(6,y) +if)(x,y) dy Foy)(6,y) +ifa)(x,y)
for all (x,y) € D.
Proof of (b): Define

9 f0) .9 o) N
P(x,y):_S{ i (x,y)—i-{ oz (X7y)}and Q(xd’):—S{ 9y (67) ] 9y i y)}

)

f(O)(xay)+]f(l)(x7y) (xvy)+]f ( Xy )

Then, since f(;) (i =0, 1) are C*(D) functions, P and Q are C' (D) functions. Moreover,
from (a), P and Q satisfy %(x,y) = %—g(x,y) for all (x,y) € D. Hence, from Poincaré’s
lemma (Fact 1(b)), there exists a function 67 € C?(D) satisfying

U ) = Pl and %L (xy) = Q) forall () €D, @8)

and the function 6 is the scalar potential of the vector field (P(x,y),Q(x,y)) over D.
Eq. (28) implies that the function 6 is determined as

Or(x,y) = / [P(x,y)dx+ Q(x,y)dy)

uniquely if we impose additionally the condition 8 s (xo,y0) = 6o.

Proof of (c): Define P(x,y) and Q(x,y) as in (B). From (a), i.e., g—s(x,y) = %—g(x,y) for
all (x,y) € D, and Green’s theorem (Fact 1(a)), we have

a0 = [ (5200 - 5t ) asay=o,
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In particular, if ' and 4" are piecewise C! paths in D with the same initial and final
points, by letting dQ := ' —~T, we have

f P(x,y)dx+ Q(x,y)dy] =0,
.

I"/][

which implies

/ [P(,y)dx + Q(x,y)dy] = / PCry)dx+ O(x,y)dy]
v Jy

(D) Proof of (d): By using the parameterizations () := (xi(t), yi(t)) and vI(7) :=
(xp(7),yn(7)), we deduce, from (c),

b | (oM @) +i (fy (1 (@)))
/as{ fo @)+ i) (10) }d’
_/bj,( 1 (aa(6),31(6))) froy Gea (1), v1(6)) = fray Gaa(6),31(6) 4 (fo) (xa(e),31(2))
; o) P+ o Cale)on (1) 12

v‘(b){(ag“( ) fio ) = fiy o3) (52 (0)(x,9))

dt

o )}2+{f )P o

) S ) i () ()
o @)+ m @) g

et [ (R ) fio o) — foy o) (2 0)(x)
/ {f0) o) 12+ {fy (6 3) 32
) (af (x, y)) foy(x.y) = fay (%) (852?) (x,y)) .,
o e P+ @) Y

_/"ddf (foy Gen(7),31(1)) S0y (e (), yu (7)) = fr) (e (7) 31 (7)) 4 (f<o>(X11(T)’yn(T))dT
¢ {0y Cen(7),ym (1)) 32+ { f1) Gen (), (7)) 2

— /d5 { (fi "))+ (fy 0" (7)) } dr.

_|_

dx

Joy(YH(T)) + jify (A (7))

Appendix 6: Proof of Proposition 4

(A) Proof of (a):

(I) If k=1, Sres;(Py, Py,t) (i € [deg(P»),deg(Pr) — 1]) can be expressed as a constant
multiple of P»(r) as one of the first three expressions in Fact 2. Clearly, these are
special cases of (10).

(I f2<k<qg-—1,ie,deg(Py1) <i<deg(h)—1<deg(P1)—2<deg(P2)—
3 <. <deg(P,)— (k— 1), by using the forth expression in Fact 2 repeatedly, we
deduce
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Sres;(Po, P1,t)
= (—1)dee(Fo)~deg(P)+1)(deg(P1) =) (1¢ (py ) des(Fo) ~deg(F)
x Sres;(P1, Pa,t)
= (—1)dee(Po)~deg(Pr)+1)(deg(Pr) =) (¢ p, ) )deg(Po) ~deg(F2)
> (,1)(deg<P1)*deg(Pz)H)(deg(Pz) )( Ie(P. 2))deg Py)—deg(Ps)
X SI’CSZ‘(P27P3,I)

_H ) (deg(F) —deg(Fu1)+1)(deg(Fur1)=1) (1¢( P, , ) )dee(Fn) ~deg(Pus2)

XSI‘CS[(Pk 1,Pk, )

= H ) (deg(F) —deg(Fu1)+1)(deg(Fur1)=1) (1¢( P, ) ) dea(Fn) ~deg(Pus2)

(—1)dee(Pio1)—deg(P)+1 (1g(p ) )dee(Pe1) —deg(B)+1p (1)
for i = deg(P) — 1,
0 forie [deg(Pey1)+ 1, deg(Py) —2] (if deg(Pet1) < deg(Fi) —2),
(— 1) dea(Py)~deg(P) 1) (dea(P)~dex(Pr1)) (1 Py ) ) ee(Pe-1) ~de(Prs)
X (Ic(Peyy))deeP)—dee(Pe) =1 Py (1)
fOr i = deg(Pk+1)7
Adeg(P)—1Pkt1 (1)
for i = deg(F;) — 1,
={ 0 fori€ [deg(Pi1)+1,deg(P)—2] (if deg(Pey1) < deg(P) —2),
Mdeg(P 1) (1P r) ) e8P ) =LP ()
for i = deg(Pit1).

(B) Proof of (b): If det(M;(Py,P1)) # O for all i € [0,deg(P1)— 1], from (6), we
have det (M; (Py, P1)) = lc(Sres; (Po, Py, t)) for all i € [0, deg(P;) — 1], and hence,
deg(Sres;(Py, P1,t)) = iforall i € [0, deg(P1) —1].

Assume that there exists some k € [1,g — 1] s.t. deg(Pi+1) < deg(P;) — 1. Then, from
(a), we have deg(Sresgeg(p,)—1 (Po, P1,t)) = deg(Prt1) < deg(Py) — 1, which contradicts
deg(Sres;(Py, P1,t)) =i for all i € [0,deg(P;) — 1]. Therefore, we have deg(Pi.1) =
deg(P) — 1 =deg(P)) —k forall k € [1,q—1].

Since deg(P,1) = deg(P) — 1 = deg(Py) — k for all k € [1,q — 1] ensures deg(P;) —
deg(Piy1)+ 1 =2 and deg(P;) — deg(Pyy2) =2 for all k € [1,q — 2], we have

Ndeg(Pryy) = (—1)(deg(Ry) —deg(Pr)+1)(deg(P)~deg(Fer1)) (1 (py ) ) deg(Fo) ~deg(P)

% (7I)Z(deg(3,+1)—deg<Pk+'))(IC( +1))2

< (- 1)2(e(B))?
.
= () =T aete?

n=2
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Appendix 7: Proof of Proposition 5

(A) Proof of (a): We derive computable expressions for

deg(Pr11),1c(P41) and sgn(le(Pri1)).

(I) Computable expression for deg(P1):

From Proposition 4(a), for i € [deg(Py1),deg(P;) — 1], Sres;(Py,Py,t) can be ex-
pressed as

®

(i)

(iii)

)\deg(P”*lBJrl (t)
for i = deg(P) — 1,

A )0 forie[deg(Pry1)+1,deg(P)—2]
Sresi(F, Pi,1) = (if deg(P11) < deg(P) —2), @)
)\deg(pm)(IC(P1+1))deg(m*degm“)*lf’zﬂ(l)

for i = deg(P+1)-

If deg(Py1) = deg(P)—1, we have, from the third expression in (29),
deg (Sres geg ()1 (P, P1, 1)) = deg(Sresgeg (p, ) (Fo, Pr, 1)) = deg(Piy1) =
deg(P) — 1. Moreover, from (6), we have det(Mgeyp)—1(Po,P1)) =
le(Sresgeg(p,, ) (P, P151)) # 0. Hence, we have

deg(Py1) = deg(P) —min{s € N* | det(Mgeg(p,)—s(Po, P1)) # 0}

If deg(Pr4+1) = deg(P;) — 2, let us examine first the case s = 1. Then we have,
from the first expression in (29), deg(Sresqeg(p)—1(Fo,P1,t)) = deg(Pry1) <
deg(P;) — 1. Moreover, from (6), we have det(Myeg(p)—1 (Po,P1)) = 0.

Next, let us examine the case s = 2. Then we have, from the third expression in
(29), deg(Sresqeg(p)—2(Po, P1,t)) = deg(Sresgeg(p,, ) (Po, P1s1)) = deg(Pry1) =
deg(P) — 2. Moreover, from (6), we have det(Mgey(p)—2(Po,P1)) =
le(Sresgeg(p,, ) (Po, Pi,t)) # 0. Hence, we have

deg(P+1) = deg(P;) —min{s € N* | det(Mdeg(pI),S(Po,Pl)) #0}.

If deg(Pr41) <deg(P;) — 3, let us examine first the case s = 1. Then we have,
from the first expression in (29), deg(Sresqeg(p)—1(Fo,P1,t)) = deg(Pri1) <
deg(P;) — 1. Moreover, from (6), we have det(Myeg(p)—1 (Po,P1)) = 0.

Next let us examine the cases s = {2,3,...,deg(P) —deg(P+1) — 1}, we have,
from the second expression in (29), deg(Sresgeg(p)—s(Po, Pi,t)) = deg(0) =
—00 < deg(P;) —s. Moreover, from (6), we have det(Mgeg(p,)—2 (Po,P1)) = 0.

Third let us examine the case s = deg(P;) —deg(P+1), we have, from the third
expression in (29), deg(Sresgeg(p)—s(Po, P1,1)) =deg(Sresqeg(p,, ) (Po, P1s1)) =
deg(P+1) = deg(P) —s. Moreover, from (6), we have det(Myeg(p)—s (Po, P1)) =
le(Sresgeg(p,, ) (Po, Pi,t)) # 0. Hence, we have

deg(Pr11) = deg(F;) —min{s € N* | det(Maeg(p)—s(Fo, P1)) 7# O}
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(II) Computable expression for Ic(Pr41) and sgn(le(Pi1)):
(i) If (deg(P) —deg(Pr+1)) is odd, from deg(Sresgeg(p, ) (Po, P1,1)) = deg(Piy1),
we have, from (6)
det(Mdeg(P,H)(PO,Pl)) = lC(SreSdeg(pH])(P(),Pl,t))
— )\deg(PHl)(lc(PIJrl))deg(Pl)ideg(PHl)il x1c(Pryy)

— )‘deg(PH,])(]C(PHI))deg(l)’)idegmﬁ)- (30)

Hence, we deduce

deg(P;)—deg(Pr1) [det(M Py, P
Ic(Py1) = \/ ot 1)

)‘deg(P,H)

Moreover, from (30), we have

sgn (Adegmm det(Mgeg(p, ) (Po, P 1>))
— sen ()\geg(m])(lc(le))deg(Pz)*deg(PzH))
= sgn ((le(Pry.)) 8" -el) ) — sgn(le(Ps1).

(ii) If (deg(P;) —deg(P,1)) iseven,i.e., (deg(P;) —deg(P41) — 1) is odd, we have,
from the first and third expressions of (29), for any 7 € R,

Sresdeg(ﬂ),l(PO,P] ,7') = Adeg(l’,)flf,l"rl (T) } (31)
Sresqeg(p, 1) (Pos Pty T) = Adeg(py, ) (e(Prpr) ) deeP)—deeBen) =1 py (1)

Therefore, by using any 7 € R, we deduce

o(Pr) deg(P)—deg(Pr41)—1 )\deg(pl)_l Sresdeg(p/H)(Po,Pl,T)
ClLy+1) = )
: Adeg(Pr, 1) SreSdeg(p)—1 (Po, P1,7)

Moreover, from (31), we have
sgn (/\deg(Pl)flAdeg(P,H)Sresdeg(Pl)fl (P07PlvT)SreSdeg(PHl)(POaPl 77-))
=sgn ()‘geg(l’z)*l)‘czieg(f’m ) (Ie(Pre1 ))deg(P;)fdeg(Pm)*l (P (7-))2)
= sgn ((le(Pry.)) 2= 1) — sgn(lc(Pr.. ).

(B) Proof of (b): If det(M;(Py,P1)) # 0 for all i € [0,deg(P;) — 1], we can regard Eq. (12)
as a special case of (A)-(II)-(i), and hence obtain, for all k € [1,4 — 1],

det(Myeg(p,)—«(Po, P1))

Ic(P, =
( k+]> « deg(Py)—deg(P)+1 k
((=1)4e(r)) I1

(Ie(P))?

n=2
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s

Moreover, since Eq. (12) ensures sgn(Ageg(p,, ) = sgn(((— ¥le(Py)) (deg(PO)ideg(Pl)H))

we have, forall k € [1,¢g — 1],
sgn(lc(Pet1)) = sgn ()‘deg(PkH )det(Mdeg(Pk+1)(P0>Pl))>

= sgn (((—l)l‘lc(Pl)

deg(Py)—deg(P)+1
) det(Mdeg(Pl)fk(PmPl))) .

Appendix 8: Proof of Theorem 3

(A) Proof of (a): If deg(¥¢) > deg(¥) and ¢ > 2, from Proposition 4(a) and (8), we have

sen(W(r) = (=1)" 7" sgn(R(1")

_ (_1)(/<—21)k sen Sresgeg(p,) (Fo, P1,t*)
Adeg(p,) (Ic(Pe) )dee(Fi-r)—deg(Fe) 1

(k—1)k Sresgeq(p,) (Po, Pry1*)
= (=1)"7 sen e By —dea(B)
)‘deg(Pk)(lc(Pk)) St Lk

X sgn ()‘ieg(Pk)(lc(P ))2<deg<Pk71)*deg(Pk)*l))

= (= 1) "7 s (Ageg(ry)) (sen(lc(By) ) e i) ~eeF 1

X sgn (Sresdeg p) (Po, Pyt ))

=Dk (o deg(Wy_)—deg(Wy)—1
=(~1) 2 Ef:le)g( (sgn(lc(Pk ) e8(Ti-1)~deg(T)

)
X sgn (Sresdeg(q,k (Wo, Uy, ))
where we used Wo(t) = Py(t), U1(¢t) = Pi(t), deg(¥y) = deg(P;) and sgn(Adeg(Pk>) =
deg o by (1)
In pamcular, if det(M;(Ty,¥;)) # 0 for all i € [0,deg(¥;) — 1], we have, from (12),
deg(¥,) =deg(¥;)—(¢—1)=0,and henceq deg(¥)+ 1. Moreover we have, from
deg(W; 1) —deg(¥;)—1
deg(¥y_1) — deg(Py) — 1 = 0 and (12), ndeg )(sgn(lc(Pk))) eg(Ty-1)~deg(T)=1
0 deg(Tg)—deg(T)+1
K‘éle>g(\11k) —Sgn(Adeg(Pk)):(*l) (k—1)(deg(Wo)—deg(¥)— )(sgn(lc(\Ill))) eg (o) —deg(¥1)+1
As a result, we have (14).

(B) Proof of (b): If deg(Wy) < deg(¥y), i.e., deg(Po) < deg(Py), and g > 3, Pa(t) = Py(t) —
0 x Pi(t) = Py(t) and we have deg(P;) > deg(P,) > --- > deg(P,). Then by replacing
Py(t) and Pi(¢) in Proposition 4(a) with P;(¢) and P»(¢), for any k = {2,3,...,q— 1},
Sres;(Py, Py,t) (i € [deg(Pe+1),deg(Pr) — 1]) can be expressed as

(1
)\deg(Pk)flPkJrl(t)
for i =deg(P) — 1,
0 forie [deg(Pit1)+1,deg(P) —2]
(if deg(Pr+1) < deg(Py) —2),
)\figg(PkH ) (Ie(Pryr ))deg(Pk)_deg(Pk“)_lPk+1 (t)
for i = deg(Pi1),

Sres;(Py, Py,t) = Sres;(P1, Py t) =
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where, for i = deg(P;) — 1,deg(Pit1),

k=2
A= TT (1) eetb—deatBu)DideePas)=0) (1

i =

Py p))dee(Fn)—deg(Puy2)

n=1
x (—1)(deg(Pe-1)~deg(R)+1)(dee(P) =) (1¢(p, ) ydee(Pe1) =
As a result, we have,

(k=1)k

sgn(W (1)) = (=1) 2 sgn(P(t"))
— (—I)UH)k g o Sresqeg(p) (P, Pos1")
Adeg(Pk) (Ic(Py))deg(Pe—1) —deg(R)—1
= —1)@ m Sresaeg(p) (P1s Pos 1)
Adeg(P) (Ic(Py))dee(Pemy) —deg(P)—1
xsen <(A§LL<Pk>)2 <1c<Pk>>2<deg<PH>*deg<f’k>*1>)

(k= 1k
= (=1)" 7 sen(Ajhp,) (sen

X sgn (Sresdeg(pk)(Pl,PoJ*))

=Dk
=(-1) 2 née?g@k)(sgn(lc

X sgn (Sresdeg<\pk)(\1’1 ,Wo,1")),

(IC(Pk)))deg(Pk—l)*deg(Pk)*l

(Pk)))deg(q’k—l )—deg(Wy)—1

where we used Wy (1) = Py(t), ¥1(¢) = P (t), deg(Vy) = deg(P;) and sgn(Aélei;(Pk)) =
&
deg(Wy)’
In particular, if det(M;(¥,Wy)) # 0 for all i € [0,deg(¥o) — 1], in almost same way as
in proof for (A), we have ¢ = deg(¥() +2 and (16). |
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