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ABSTRACT

This paper proposes fast iterative algorithms for solving convexly
constrained spline smoothing through a characterization of solu-
tions in a primal-dual space. In view of achievements for fast im-
plementations of spline interpolation, the update of the proposed
algorithm is designed as the composition of solving a spline inter-
polation problem and computing the projection onto the constraint
set. In addition, the update of the proposed algorithm is performed
in an efficient dimensional space having the same size as given ob-
servations. These desired properties significantly reduce the com-
putational cost in the update, which is demonstrated by a numerical
example.

Index Terms— Bivariate spline smoothing, convexly constrained
quadratic programming, iterative method, Nesterov’s acceleration

1. INTRODUCTION

Spline smoothing is a regression technique of observed noisy data
with a smooth piecewise-polynomial function [1], [2], [3], [4],
which aims not only to denoise smoothly observed data, but also to
explore the underlying system that generates the observed data and
discover properties on the system. In fact, in feature extraction,
rather than the resulting smoothed data itself, its first- and second-
order derivatives provide us several features (of e.g. images and
handwriting characters) [5], [6], [7]; in the so-called phase unwrap-
ping problem in the SAR data processing [8], [9], [10], coefficients
of each polynomial acts significant role to recovery unwrapped
phase signal [11], [12].

Meanwhile, designing fast algorithms for spline smoothing is
important in view of several (near-realtime) applications. Most of
fast implementations for spline interpolation and spline smoothing
are realized through their careful problem formalization, i.e., lin-
early constrained quadratic programming w.r.t. coefficients of all
the polynomials of the spline, of which the solutions can be charac-
terized in the large sparse (structured) linear equation [13]. Hence
the solution can be obtained efficiently by suitable direct methods,
e.g., LU, Cholesky, or QR decompositions [14], [15], [16]. On
the other hand, to incorporate further prior information on noise
of the observed data (e.g., boundedness, nonngativity, or probabil-
ity distribution, etc.), convexly constrained quadratic programming
provides a natural problem formulation, which can be solved by
general iterative solvers [17], [18], [19], [20]. However, the auxil-
iary problems in their updates might not share the same structure
with the spline interpolation/smoothing problems, and therefore the
aforementioned successful fast implementations cannot be directly
applied. In addition, these algorithms in general introduce auxiliary
variables in their update, which require intensive computation and
memory complexity.

In this paper, we resolve these two weaknesses by proposing
fast iterative algorithms, for solving the convexly constrained spline
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smoothing problem, having two desired properties: (i) the update of
the proposed algorithms is characterized by two auxiliary problems,
the standard spline interpolation problem and computation of the
metric projection onto the convex constraint; (ii) the update can be
performed over the same dimensional space as the given observed
data. Clearly, these properties resolve the above weaknesses, i.e.,
the first property implies that the former auxiliary problem can be
solved efficiently by directly applying the successful fast implemen-
tations, and the second property provides efficient computational
and memory complexity. In algorithm derivation, we extends idea
of the Gauss-Seidel method in theory of linear system, to nonlin-
ear system; That is, for a nonlinear system characterizing solution
of the original spline smoothing problem, we split the nonlinear
system into its upper and lower triangular systems and derive, with
the two triangular systems, the update of iterative algorithm. In
addition, we provide theoretical convergence analysis of the pro-
posed algorithm. Furthermore, we propose an accelerated variant
of the proposed algorithm by importing the Nesterov’s technique
[21], [22], [23]. Finally, a numerical example demonstrates that the
proposed algorithms significantly reduce the computational cost.

2. PRELIMINARIES

Let R, Ry and Z4 be respectively the set of all real numbers,
nonnegative real numbers and nonnegative integers. For any vector
z,y € RY, the inner product is defined by (z,y) = z'y and
hence its induced norm is ||z|| = v/(z,z) (z € RY).

2.1. Bivariate Spline Functions

Let Q := [zo,2Zn] X [Yo,ym] C R2. We shall partition it into
triangles. Define a triangle 7~ on R?, by specifying three vertices
vk = (Tk,Yr) € R? (k = 1,2, 3) which are not arranged linearly,
i.e., T1Y2 — Y172 + T2ys — Y23 + w3y1 — ysxr1 # 0, as

r,s,te[o,u}
r+s+t=1J"

T := (v1,v2,v3) := {rv1 + svp + tvs € R?

Then create four kinds of triangles

T = ((@im1,Yj-1), (Ti, Yj—1), (%, w»
Tige = (@1, 45), (@io1, Y1), (Bgt, L=1T0 )
Tigs o= (@i, y5), (i1, yy), (B, L=t y)
Tiga = ((@i,y5-1), (@i, y5), (Fpt, =)

by diagonally cutting every rectangle [z;—1,z;] X [yj—1,y;] st
i — Xi—1 = hg > 0 forall ¢« = 1,2,...,n and y; —
Yji—1 = hy > 0 forall j = 1,2,...,m. Let Mp,;m =
{Tii1, Tig2, T3, 72,3-,4};-211’722 """""" " be a set of all triangles T ; «
on Q. For p,d € Z4 s.t. 0 < p < d, define

Sg(gn,m) = {f S CP(Q) |V7:’,j,k S ‘zn,m flTi,_ch € Pd}
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as the set of all bivariate splines of degree d and smoothness p on
X,,,m, where C”(2) stands for the set of all p-times continuously
differentiable functions over €2, and P4 is the set of all bivariate
polynomials whose degree is d at most, i.e., Pg:= {f : R? — R:
(z,y) — ZZ:O ZZ;S cp.qt”y? | cpq € R}

In this paper, we suppose that a bivariate spline f € S (Xp,m)
is expressed, over 7; j ., as

s dl rd—PgP—a44
(z,y) = bt TN T ey
; qzo PltD/2kat (d —p)l(p — g)lg!’
where cp(p /24441 € R are coefficients of the bivariate spline,
and (r,s,t) € [0,1]® (r + s+t = 1) is called barycentric coordi-
nate of (z7 y) with respect to 7; ;,k [24], [25], e.g., the barycentric
coordinate with respect to 7; ;1 is

(T,S,t) = (zi—l —T+Y; —Y, T —Ti—1 +Yj-1—Y, 2y—2yJ—1)

2.2. Convexly Constrained Spline Smoothing

Assume that we observe samples of a twice continuously dif-
ferentiable function f.: 2 — R with additive noise ¢;; € R
on G := {wo,Z1,...,2n} X {Yo,Y1,...,Ym}, i.e., We observe
Cij = f«(®i,y;) + €5 at (x4,y;) € G. In this situation, the prob-
lem of interest is to reconstruct the unknown function f. € C?(Q)
by a CZ-spline function f € S2(X,,m):

Problem 1 (Convexly constrained two-dimensional spline smooth-
ing) Find f* € S2(Xp,m) minimizing

A=A

8x8y
subject to' vec(f(z:,y;) — Qﬂ;i%llzl € C CRM with M :=
(n+1)(m+ 1), where C' is a nonempty closed convex set.

2

83:2 +

2
BYE ] dzdy 2)

Note that existence of the minimizers is guaranteed if d > 4 [25].
Obviously, if C = {0} then this problem is reduced to the spline
interpolation problem. In this paper, we assume that C' is simple,
i.e., its projection’ P can be computed efficiently.

The standard reformulation (see e.g. [26], [27]) of spline smooth-
ing problems into problems of all the coefficients, of polynomials
of the spline function, leads to a convexly constrained quadratic
programming problem

min ¢’ Qc=: ¢(c) (3)
ceRN
st. Hc=0
Zc—¢eC,

where ¢ € RY is a coefficient vector of the spline function, the cost
function ¢ is nothing but the integral of the squared second-order
derivative in (2), the linear constraint represents continuity condi-
tion of the first- and the second-order derivatives of the spline, and
the second constraint is identical to the one introduced in the orig-
inal problem®. Here, all the matrices Q € RV*N, H ¢ RMu >N
T € RM*N are sparse, where we can assume that @ is symmetric

Ivec denotes the vectorization of 2-dimensional array.

2For a glven nonempty closed convex set S C RM, the projection
Ps: RM — RM onto S is defined by

Ps(x) = argminly — .
yeSs

3 Although we only focus on the case where the two equality constraints
are feasible for any £ € C, such an assumption is natural (see e.g. [27]).
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positive semidefinite without loss of generality. In addition, Z has
specific properties*

I7" =1Ium )

Py =In—1'T.
We can clarify an obvious relationship of the spline smooth-
ing problem and the spline interpolation problem by introducing a

slack variable & € R* which represents difference of the observed

sample ¢ = Vec(Ci,]); %’11’ " ¢ RM and the spline function, i.e.,

. T
BB 9 ©®
st. Hc=0
Te—(=¢
Eed.

Then if we fix the slack variable £, the problem (6) becomes a
spline interpolation problem

min ¢ Qc @)
ceRN
st. Hc=0
Te=(+¢

of which solution can be characterized by the so-called KKT system
[28]: if (& Am, Ac) € RN x RMH x RM satisfies®

2Q HT " é 0
—H Ompxmy Ompxum Am | = 0 , (8)
T  Omxmy Owm A¢ —¢—¢

¢ is a solution of problem (7). Since (8) is a large sparse system of
equations, (¢, N, A¢) can be obtained efficiently by suitable direct
methods, i.e., LU, Cholesky, or QR decompositions [16]. This fact
provides us a guideline to design iterative algorithms.

3. PROPOSED METHOD

‘We shall propose an iterative algorithm to solve the spline smooth-
ing problem (6). The relationship between (6) and (7) motivates us
to consider whether it is possible to reformulate a spline smoothing
problem into a sequence of spline interpolation problems. The an-
swer is affirmative and it is embodied as an iterative algorithm to
solve (6). Our derivation is two-fold: clarifying a characterization
of the problem, which is a sort of KKT system; applying Gauss-
Seidel-like splitting to introduce a candidate operator describing the
update. Using iteratively the derived operator, we can introduce an
iterative algorithm (see Algorithm 1) of which convergences are
guaranteed (note: all proofs are omitted due to space limitation).

Lemma 1 (Characterization of Solutions) The solution of the
spline smoothing problem (6) can be characterized by

(IM +G/M3LC f}t) (gi) 50, )

4We denote the identity matrix of size M as Iy € RM>*M  For a given
matrix A, we denote its null as N'(A).
It is well-known that

V(z,y) € G AT € Wy m such that (z,y) is a vertex of 7 (4)

implies that each row vector of Z has only one non-zero component and
its value is one, i.e., (5) holds true. Obviously, the condition (4) holds true
in our problem setting.

SWe denote zero matrix of size M x N as Oprx n. For squared zero
matrix of size M x M, we simply denote Opys.



where®
F,:= (=2 Owmxmy —pInv Inr)
Onxm
G = Onyx M
Iy
Oum
2Q HT z" Onxnm
J = —H  Ompxmyg Ompgxym Ompxu
-7 Onmxmy Oum Iv
Omxn  Onmxmy —In vy
Cx
v, = A;Cf RN x RMH x RM x RM —:
Zx

with a user-defined parameter i > 0. That is, if (E«,vs) satisfies
(9), then its («,cx) is a solution of the spline smoothing problem
(6); conversely, if (&«,c.) is a solution of (6), then there exists a
pair (&«,vy) satisfies that (9) and the first upper block of v is
identical to c«. Note that z. is an auxiliary variable s.t. z, =
Zcw — &, and Np«, A¢» are multipliers, i.e, A« € Ovpoy(Hex)
and /\C* c 8L{<}(Z*).

Theorem 1 (Gauss-Seidel-like Splitting) (a) For the characteri-
zation (9), we shall define a Gauss-Seidel-like splitting operator’ :
assume that the interpolation problem (7) has a solution for any
& € C. Then there exists an operator Jé, which maps from £ € C
tov € H st

J(v) = —G¢. (10)

Moreover; the operator T: R x H — CxH : (€,v) — (£4,v4)
defined by

€4 = Po(—Fv) (1)
v = JE(Er) (12)
satisfies that
(11\/1 + udc 01\4><MH> <§+> 5 < Om *Fu> (E)
G J v Onyyxm Oy, )\ (1’3)

where we denote the dimension of H as My := N + My + 2M.
(b) Define the iterative algorithm, with initial (§o,v0), by

(52)-+(e)
Vk+41 Vk

Then the following two convergences are guaranteed:
(i) assume that Jé is continuous and —F}, o Jé is averaged nonex-
pansive® [29]. Then the sequence (Ek, Vi )k>1 converges 1o a some

SFor a given nonempty closed convex set C, the indicator function is

defined by
Lo (@) = 0 ifzeC
CW T 400 otherwise.

"Inspired by the Gauss-Seidel method in linear algebra, we split the
characterization into its upper and lower triangular parts, and utilize them
to define an operator to satisfy the relation (13). For this reason, we refer
to our proposed operator as Gauss-Seidel-like splitting operator.

8The operator T': RV — RY is called nonexpansive if

Tz — Ty|| < ||z —y|, Vz,y € RV,

In addition, the nonexpansive operator 1" is called averaged if there exists
some « € (0,1) and some nonexpansive mapping U such that

T=01-a)+al,

where [ is the identity operator.
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Algorithm 1: A Gauss-Seidel-like splitting algorithm
Init: € € RM stepsize 1 > 0
Step 1:  Update
vk = JG(Ex)
€k+1 = Po(—Fuop41)
for k=0,1,...,K

Algorithm 2: An efficient implementation of Alg. 1

Init 1: & € RM stepsize i1 > 0
Init 2: Compute the LU decomposition L, U of
Moz (PPN@QPn@) Py HT
—H P () Onyy

and construct
M:=T {(QQPN(I) HUtL—! <_2PA}§<I>Q> + QQw 7.

Step 1:  Update
§k+1 = Po (& — pM (& + d))
for k=0,1,..., K — 1.
Step 2:  Obtain a solution by vx = Jé(f K)

(€oo, Vo) € Fix(T), and (o, Coo) With Coo in Vo is a solution
of problem (6);
(ii) suppose that

\/MHCMH - CkH < ||§k+1 - 51@”

holds true for a some p > 0, where omax(Q) is the largest eigen-
value of Q). Then we have

p(er) — dlex) < w VE € Zy \ {0}. (14

Remark 1: (First desired property) The specially designed op-
erator Jé in the update (12) is nothing but a map from the slack
variable £ to a solution of the spline interpolation problem (7): it is
easy to show that (10) is identical to the KKT system (8). Hence its
implementation can be realized with several successful techniques
[14], [15], [16]. g

Fortunately, we can reduce computational complexity of Algo-
rithm 1 by explicitly eliminating (vj)k>0 in the update. Since the
update (11), (12) has a compact expression

k1 = Po(—FuJk (&),

we do not require to store (vi)r>o in the update. Moreover, the
following expression of —F), o Jjé as an affine operator reduces
computational complexity on each iteration (see Algorithm 2).

Proposition 1 The operator —F), o Jé is expressed by

—FuJb(64) = &+ — nM(E4 +0)
for any &, € C, where M € RM*M s defined by

M:=T {(ZQPN(I) HT)UutL= (’QP%(DQ) +2Q|Z7

(15)

using the LU decomposition L,U of
O .- (2Pv@oQPniz PvaoHT 16
M: < —H Ppr(z) Ony ’ (16)

Remark 2: (Second desired property) Algorithm 2 using Propo-
sition 1 realizes the second desired property: since M is of size
M x M, the entire update is performed on R™ which is signifi-
cantly efficient compared with that of the characterization (9) (cf.
My > M). Moreover, M can be computed and stored before
starting iterations, such properties are appropriate to accelerate the



iterations. Note that, to the best of our knowledge, other general
solvers including proximal methods [17], [18], [19], [20] do not
achieve this property. In fact, direct application of these methods
requires a variable whose size is strictly larger than M. O

Finally, by extending the idea of the so-called Nesterov’s ac-
celeration [21], [22], [23], we propose an acceleration of the pro-
posed algorithm, which has improved convergence rate O(1/k?)
(c.f. (14)).

Theorem 2 Let &1/ =& € RM, and a1 = 1. For k=1,2,...

&k = Po(—FuJl(é-1/2))
14+ /14403
Qg1 = —— 5
a — 1
Ert1/2 = &k + b &k — &k—1)-
Q41

Under the assumption

V200 max(Q)lce — co—1/2]l < €k — Ex—1/2]l

we have

2p~Hlgo — & I1?
(k+1)2

Remark that Theorem 2 is not trivial: the standard Nesterov’s
acceleration is only applicable to the minimization of the sum of a
smooth convex function and a nonsmooth convex function. How-
ever, since the spline smoothing problem (6) has three constraints,
the acceleration technique cannot be applied directly to problem
(6). For that reason, we introduce a special treatment for the linear
constraints in convergence analysis, which is omitted in this paper.

P(cr) — dlex) < , VkeZi\ {0}

4. NUMERICAL EXAMPLE

We examine efficacy of the propose method in the sense of com-
putational complexity. Consider the 2D spline smoothing prob-
lem for InSAR application in [11].° C is set as a box constraint
{£ € RM | ||€]loo < 0.1} as an example. The data ¢ is generated
from zero mean Gaussian distribution with unit variance, where the
size of ¢ € RM varies from M = 52 to 30%.

Three algorithms are evaluated: Algorithm 1 with a poor imple-
mentation of Jg ; Algorithm 1 with a sophisticated LU decom-
position; Algorithm 2 with a sophisticated LU decomposition. We
refer to these three algorithms as Algorithm 1 (poor), Algorithm
1 (UMFPACK), and Algorithm 2 (UMFPACK) in this experiment,
respectively. In the first method, i.e. Algorithm 1 (poor), the oper-
ator J(T; to solve the KKT system (8) is implemented by using the
inverse matrix directly constructed, which results in the intensive
computation cost in the preprocessing (see pre. in Table 1). The
second method, i.e. Algorithm 1 (UMFPACK), avoids such inten-
sive computation by a sophisticated LU decomposition (UMFPACK
[15] implemented in MATLAB) and hence the CPUtime is reduced
significantly in the preprocessing. The third method eliminates the
variable (vi)k>0 in its update to reduce the computational cost on
the iterations. We adopt UMFPACK as an implementation of the
LU decomposition of M in (16) (or Init 2 of Algorithm 2) to avoid
intensive computation for the preprocessing. Unlike the other two
methods, the third method requires to generate vk in Step 2. Its
computational cost is also evaluated (see post. in Table 1). We
would like to emphasize that the comparison between the first and
second method shows that the advantage, indicated in Remark 1,

In [11], it is considered a 2-dimensional spline smoothing same as Prob-
lem 1 of degree d = 4 in Sect. 2.2.
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Table 1. Comparison of CPUtime, which is evaluated separately for
the following three processes: “pre.” implies the preprocess before-
hand iterations (i.e., the computation of the matrix inversion involving
(8) required in the implementation of Jé in Algorithm 1 (poor), an
LU decomposition involving (8) in Algorithm 1 (UMFPACK), or Init
2 in Algorithm 2 (UMFPACK)); “iter.” shows the CPUtime for one
iteration; “post.” implies Step 2 in Algorithm 2 (UMFPACK).

Algorithm 1 Algorithm 1 Algorithm 2
size (poor) (UMFPACK) (UMFPACK)
52 pre. [sec] 36x10"1 20x102 20x10°2

iter. [sec/iter] 4.3 x 1073  1.1x107% 9.0x10~%
post. [sec] * * 1.2 x 1073
total [sec] 55x 1070  46x1071 22x10°1
102 pre. [sec] 12x1079 9.9x10°2 32x 1071
iter. [secfiter] 5.9 x 1072  29x107% 1.1x10"4
post. [sec] * * 1.8 x 10~3
total [sec] 89x 1079  2.0x1079 1.4x10°°
152 pre. [sec] 95x 1079 41x10"1T 1.7x107°0
iter. [sec/iter] 2.3 x 10~1! 6.5x107% 3.3x10°4
post. [sec] * *  6.4x1073
total [sec] 4251079 35x1079 4.0x107°
207 pre. [sec] toolong 1.1x10°9 6.1 x 1077
iter. [sec/iter] not eval. 1.3x1072 1.1x10°3
post. [sec] * * 1.2 x 102
total [sec] toolong 10x107° 10x10°9
252 pre. [sec] too long 2.5 x 10~ © 16 x 1070
iter. [sec/iter] not eval. 1.8x 1072 2.7x10°3
post. [sec] #* #* 2.1 x 1072
total [sec] too long 17 x 107° 24 x 1079
302 pre. [sec] toolong 39 x1070 234 x 1077
iter. [sec/iter] not eval. 1.4x 1071 5.4x10°3
post. [sec] * * 1.4 x 101
total [sec] toolong 71 x1079 246 x 10~°

to use a fast implementation of spline interpolation, and the com-
parison between the second and third method demonstrates that the
improvement, indicated in Remark 2, by performing the iterations
in an efficient dimensional space.

Table 1 shows a CPUtime comparison for the three algorithms.
In the sense of the total CPUtime, Algorithm 1 (UMFPACK) is
best for relatively large problems. Meanwhile, Algorithm 2 (UMF-
PACK) achieves the fastest computation for the iterations, and
its postprocessing is computed efficiently. Therefore, for (near-
)realtime InSAR application, Algorithm 2 (UMFPACK) is the best
choice because the preprocessing can be performed before start-
ing measurement from the sky or from the cosmic space, i.e., the
CPUtime for the iterations and postprocessing is dominant.

5. CONCLUDING REMARKS

In this paper, we have proposed a novel iterative algorithm to solve
convexly constrained spline smoothing problems. The update of the
proposed algorithm is designed as the composition of computing
the projection onto convex constraint and solving a spline inter-
polation problem, so that we can utilize fast implementation tech-
niques for spline interpolation problems. In addition, the update
can be performed on a reasonable dimensional space, i.e., the up-
date variable belongs to the same dimensional space as the size of
observation data, which reflects the computational efficacy of the
proposed algorithm. In addition, we have extended the spirit behind
the Nesterov’s acceleration technique to the proposed method.

Our future work includes further acceleration of the proposed
algorithm by extending an over-relaxation for the Nesterov’s tech-
nique [23].
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