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1 Algebraic Phase Unwrapping along the Unit Circle

Algebraic phase unwrapping along the unit circle [1] gives
the exact closed-form expression of the unwrapped phase of
a complex polynomial along the unit circle for, e.g., evalua-
tion of the stability of a certain digital filter and computation
of the complex cepstrum. Theorem 1 below is given as a re-
finement of [1, Theorem 6] by redefining the Sturm sequence
(cf. lines 4, 5, 7 & 8 in Algorithm 1 and [1, (33) & (35)]).

Theorem 1 Ler A(z) € (C[ ] satisfy Ar(w) = A( ‘“’) #0
forallw € [0,27], A (g := ALAT £ and Ay :
Let (Dr(w)){_, be the Sturm sequence genemted by SGA. 2
For all w* € (0,27], the unwrapped phase of A along the unit
circle (or the unwrapped phase of Ar ) can be computed from

0, () — 04, (0) := /Ow S Eig“” dw

arctan( Ql; (0))
= cdeg(A)w* —
deg(A)e {sgn<<1>o< 0)21(0))7/2 ifal,
arctan(Q} (")) + [V (@(w")) —V(® ( Dl
+ lfA F(W*)#O (1)
/2 V() V@O Ayl -
where Q)i Al ()4l (o) sen(s) 1 s
sgn(x) :=0ifx =0, and V : RI"! — 7, counts the number
of sign changes in (Po(w*), 1 (w*),..., Py(w*)) =: P(w").
Algorithm 1 Sturm Generating Algorithm (SGA)

Input: A (z) = z) € Cl] and Ay)(2) = Af)) (2) € C[e]
ot (B

A (0) #

0.
7(0)=0;

(0)

1: Do(z) « 7 deel A<0> (7)™ A(0)(2) (0o: order of z =1 as a zero of A g))
2: Dy(2) 7ldeg “Aw) ( L )0 1)(2) (01: orderof z= 1 asazero of A ()
3: By (w) eDW ) 1) D] %)
4: (60751) — ~ ~

(0,0) if (deg(Dg)+deg(Dy)) is odd

{(170) if (deg(Dg) +deg(Dy)) is even and deg(Dg) > deg(D;)

(0,1)  if (deg(Dg) +deg(D)) is even and deg(D;) > deg(Dy)
5: Do(z) ¢ (571)%0Do(2), D1 (2) 4 (51)°1 D1 (2), k 4= 1
6: while deg(Dy) > 1 do
7: Dy (2) ¢ —Di1(2) — Hi(2)Di(2)  (Hi(z) = H} (2), Dyt #0=>

cdeg(Dy11) =cdeg(Dy 1) and deg(Dyy1) — 1deg£5k+l ) <deg(Dy))
8 Bpii(w) D, (¢), Diyr (2) = 274Dy ()

9. k«k+1
10: end while

k if & #£0
11: g + .

k—1 if®d,=0

"fAgy=00rA) =0, thenfy, (w) = OAF (0)+cdeg(A)w (w € [0,27)).

2In Algorithm 1, for C(z) = S cx 2" € C[2] (5.t cjem #0), deg(C) =
m, 1deg(C) := 1, cdeg(C) := B, and C*(z) :=
C(z) = C*( ), C is called a self reczprocal polynomial. For C(z) = C*(z),

define C'(z) := z7¢42(C)C (), then C}. (w) := CT (¢*) is real-valued.

Z;:’:IEH»mkak € (C[Z] It

2 Stabilization with Self-Reciprocal Subresultant
Unfortunately, a direct computer implementation of Theo-
rem 1 sometimes leads to failure in phase unwrapping due
to numerical instabilities caused by coefficient growth in the
computation of the Sturm sequence. In [2], we presented an
alternative idea for stabilizing algebraic phase unwrapping
along the real axis with the use of the subresultant [3]. In the
following, we propose a similar technique for Theorem 1.

Let Do(z) = YLz = Djj(z) and Dy (2) = 3o} _gbuz* =
Di(z) s.t.am=ao #0,b, =by #0,m>n>1,and (m+n)
is odd. We newly define the ith self-reciprocal subresultant
SRSres;[Do, D1](z) € C[Z%,Z*%] (i=0,1,...,n—1), as the
determinant of an (m+ n —2i) x (m+ n — 2i) matrix, by
SRSres;[Do, D1](z) :=

. j —

Ay Ap-1 Amepiiv2 Anntivt Ao -+ 0 amp-1 Do(z)z 2
: e 0 s

An o peptit G0 Gmentiv2 A1 amn1 Dy(2)z 2
: . " T n—i=3
ot Gm Gnein3 el Gneidcc dppm) Dy(z)z 2 .

: 9 i

a  ap-- Apoi2  Gm  Gni2 - Aminy1 2 Dy(2)z 2
2 o meicl
by bur - bipa biti R Di(2)z 2 s
: D i

by o bigs biso e Di(z)z 2

by by :

by : 5

n—iz

bz by Di(2)z 2
: n—i—=2

by bn i2 Di(2)z 2

bo
bo by

. | mo=3
bo -+ by-i-3 by i D (Z)Z .

! mejol

by by by—i-2 bp—i—1 - Di(z)z~ 2

Theorem 2 If deg(Dy) > deg(Dl) 1 and (Di(2))1_, is
regular, i.e., deg(Dyy1) = deg(Dy) — 1 = deg(Dy) — k for
k=1,2,...,q—1, then g=deg(D)) + 1 and, for all w* € R,
sgn(@k(w*)):( 1)(k 1)k/2+4(k—2)(deg(Dg)—deg(Dy)+k—2)/2

! Sgn(SRsresdeg(Dl)—k-‘rl [DOaDl](elw*)) (k= 27 37 s aq)
@)
From (2), we can compute the exact signs in ®(w*) without
computing the coefficients of Dy (k =2,3,...,q), and hence
we can stably compute V(®(w*)) in (1) without suffering
from the propagation of errors caused by coefficient growth.
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