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1 Algebraic Phase Unwrapping along the Unit Circle
Algebraic phase unwrapping along the unit circle [1] gives
the exact closed-form expression of the unwrapped phase of
a complex polynomial along the unit circle for, e.g., evalua-
tion of the stability of a certain digital filter and computation
of the complex cepstrum. Theorem 1 below is given as a re-
finement of [1, Theorem 6] by redefining the Sturm sequence
(cf. lines 4, 5, 7 & 8 in Algorithm 1 and [1, (33) & (35)]).
Theorem 1 Let A(z) ∈ C[z] satisfy AF(ω) := A(eıω) ̸= 0
for all ω ∈ [0,2π], A(0) := A+A∗

2 ̸= 0 and A(1) := A−A∗
2ı ̸= 0.1

Let (Φk(ω))
q
k=0 be the Sturm sequence generated by SGA.2

For all ω∗∈(0,2π], the unwrapped phase of A along the unit
circle (or the unwrapped phase of AF ) can be computed from

θAF
(ω∗)−θAF

(0) :=
∫ ω∗

0
ℑ
[

A′F(ω)
AF(ω)

]
dω

= cdeg(A)ω∗−

{
arctan(Q†

A(0)) if A†
(0)F(0) ̸= 0;

sgn(Φ0(0)Φ1(0))π/2 if A†
(0)F(0) = 0;

+


arctan(Q†

A(ω
∗))+ [V (Φ(ω∗))−V (Φ(0))]π

if A†
(0)F(ω

∗) ̸= 0;

π/2+[V (Φ(ω∗))−V (Φ(0))]π if A†
(0)F(ω

∗) = 0,
(1)

whereQ†
A(ω) :=A†

(1)F(ω)/A†
(0)F(ω), sgn(x) := x/|x| if x ̸= 0,

sgn(x) := 0 if x = 0, and V : Rq+1→ Z+ counts the number
of sign changes in (Φ0(ω

∗),Φ1(ω
∗), . . . ,Φq(ω

∗))=:Φ(ω∗).

Algorithm 1 Sturm Generating Algorithm (SGA)
Input: A(0)(z) = A∗(0)(z) ∈ C[z] and A(1)(z) = A∗(1)(z) ∈ C[z]
Output: (Φk(ω))

q
k=0

1: D̃0(z)← z−ldeg(A(0))
( ı

z−1

)o0A(0)(z) (o0: order of z= 1 as a zero of A(0))
2: D̃1(z)← z−ldeg(A(1))

( ı
z−1

)o1A(1)(z) (o1: order of z= 1 as a zero of A(1))
3: Φ0(ω)← D̃†

0(e
ıω), Φ1(ω)← D̃†

1(e
ıω)

4: (δ0,δ1)←
(0,0) if (deg(D̃0)+deg(D̃1)) is odd

(1,0) if (deg(D̃0)+deg(D̃1)) is even and deg(D̃0)≥ deg(D̃1)

(0,1) if (deg(D̃0)+deg(D̃1)) is even and deg(D̃1)> deg(D̃0)

5: D0(z)← ( z−1
ı )δ0 D̃0(z), D1(z)← ( z−1

ı )δ1 D̃1(z), k← 1
6: while deg(Dk)≥ 1 do
7: D̃k+1(z)←−Dk−1(z)−Hk(z)Dk(z) (Hk(z) = H∗k (z), D̃k+1 ̸= 0⇒

cdeg(D̃k+1)= cdeg(Dk−1) and deg(D̃k+1)−ldeg(D̃k+1)<deg(Dk))
8: Φk+1(ω)← D̃†

k+1(e
ıω), Dk+1(z)← z−ldeg(D̃k+1)D̃k+1(z)

9: k← k+1
10: end while

11: q←
{

k if Φk ̸= 0

k−1 if Φk = 0

1If A(0)=0 or A(1)=0, then θAF (ω)=θAF (0)+cdeg(A)ω (ω∈ [0,2π]).
2In Algorithm 1, for C(z) =

∑m
k=lckzk ∈C[z] (s.t. clcm ̸= 0), deg(C) :=

m, ldeg(C) := l, cdeg(C) := l+m
2 , and C∗(z) :=

∑m
k=l c̄l+m−kzk ∈ C[z]. If

C(z) = C∗(z), C is called a self-reciprocal polynomial. For C(z) = C∗(z),
define C†(z) := z−cdeg(C)C(z), then C†

F (ω) :=C†(eıω) is real-valued.

2 Stabilization with Self-Reciprocal Subresultant
Unfortunately, a direct computer implementation of Theo-
rem 1 sometimes leads to failure in phase unwrapping due
to numerical instabilities caused by coefficient growth in the
computation of the Sturm sequence. In [2], we presented an
alternative idea for stabilizing algebraic phase unwrapping
along the real axis with the use of the subresultant [3]. In the
following, we propose a similar technique for Theorem 1.

Let D0(z)=
∑m

k=0akzk =D∗0(z) and D1(z)=
∑n

k=0bkzk =

D∗1(z) s.t. am = ā0 ̸= 0, bn = b̄0 ̸= 0, m > n≥ 1, and (m+n)
is odd. We newly define the ith self-reciprocal subresultant
SRSresi[D0,D1](z) ∈ C[z 1

2 ,z−
1
2 ] (i = 0,1, . . . ,n− 1), as the

determinant of an (m+n−2i)× (m+n−2i) matrix, by
SRSresi[D0,D1](z) :=∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

am am−1 · · · am−n+i+2 am−n+i+1 a0 · · · ··· a m−n−1
2

D†
0(z)z

n−i−1
2

am · · · am−n+i+3 a0 am−n+i+2 a1 · · · ··· a m−n+1
2

D†
0(z)z

n−i−3
2

· · · ···
···

···
··· · · · ···

···
···

a0 · · · am an−i−3 am−1 an−i−2 · · · a m+n−1
2

··· D†
0(z)z

− n−i−3
2

a0 a1 · · · an−i−2 am an−i−2 · · · a m+n+1
2

··· D†
0(z)z

− n−i−1
2

bn bn−1 · · · bi+2 bi+1 · · · ··· D†
1(z)z

m−i−1
2

bn · · · bi+3 bi+2 · · · ··· D†
1(z)z

m−i−3
2. . . ···

··· · · · ···
···

bn bn−1 · · · ···
···

bn · · · ···
···

· · · bi+2 b0 D†
1(z)z

n−i−2
2

· · · ···
···

···
· · · bn bn−i−2 D†

1(z)z
− n−i−2

2

b0 · · · ···
···

b0 b1 · · · ···
···

. .
. ···

··· · · · ···
···

b0 · · · bn−i−3 bn−i−2 · · · ··· D†
1(z)z

− m−i−3
2

b0 b1 · · · bn−i−2 bn−i−1 · · · ··· D†
1(z)z

− m−i−1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Theorem 2 If deg(D̃0) ≥ deg(D̃1) ≥ 1 and (Dk(z))
q
k=0 is

regular, i.e., deg(Dk+1) = deg(Dk)− 1 = deg(D1)− k for
k = 1,2, . . . ,q−1, then q= deg(D1)+1 and, for all ω∗ ∈R,

sgn(Φk(ω
∗)) = (−1)(k−1)k/2+(k−2)(deg(D0)−deg(D1)+k−2)/2

· sgn
(
SRSresdeg(D1)−k+1[D0,D1](eıω∗)

)
(k = 2,3, . . . ,q).

(2)
From (2), we can compute the exact signs in Φ(ω∗) without
computing the coefficients of D̃k (k = 2,3, . . . ,q), and hence
we can stably compute V (Φ(ω∗)) in (1) without suffering
from the propagation of errors caused by coefficient growth.
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