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Image Super-Resolution via Generative Adversarial Networks Using
Metric Projections onto Consistent Sets for Low-Resolution Inputs”
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SUMMARY  This paper addresses single image super-resolution (SR)
based on convolutional neural networks (CNNs). It is known that recovery
of high-frequency components in output SR images of CNNss trained by the
least square errors or least absolute errors is insufficient. To generate real-
istic high-frequency components, SR methods using generative adversarial
networks (GANSs), composed of one generator and one discriminator, are
developed. However, when the generator tries to induce the discriminator’s
misjudgment, not only realistic high-frequency components but also some
artifacts are generated, and objective indices such as PSNR decrease. To re-
duce the artifacts in the GAN-based SR methods, we consider the set of all
SR images whose square errors between downscaling results and the input
image are within a certain range, and propose to apply the metric projection
onto this consistent set in the output layers of the generators. The proposed
technique guarantees the consistency between output SR images and input
images, and the generators with the proposed projection can generate high-
frequency components with few artifacts while keeping low-frequency ones
as appropriate for the known noise level. Numerical experiments show that
the proposed technique reduces artifacts included in the original SR images
of a GAN-based SR method while generating realistic high-frequency com-
ponents with better PSNR values in both noise-free and noisy situations.
Since the proposed technique can be integrated into various generators if
the downscaling process is known, we can give the consistency to existing
methods with the input images without degrading other SR performance.
key words: single image super-resolution, convolutional neural network,
generative adversarial network, metric projection, consistent set

1. Introduction

Super-resolution (SR) is a reconstruction problem of high-
resolution (HR) images containing high-frequency compo-
nents from given low-resolution (LR) images having only
low-frequency components [2]-[21]. In SR, it is important
not only to increase the number of pixels but also to recover
the original high-frequency components. In this paper, we
address single image SR that is an under-determined inverse
problem since we have to recover an HR image from a single
LR image having a smaller number of pixels. The simplest
ways to increase the number of pixels are algebraic interpo-
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lations, e.g., the nearest-neighbor, bilinear, bicubic, and nat-
ural bicubic spline interpolations. Although these algebraic
methods are quick, they cannot recover the high-frequency
components at all. Therefore, SR results, called SR images
in this paper, of the algebraic methods are very blurred.

To accurately recover the high-frequency components,
most SR methods learn the transformation from LR images
to HR images by using training data. Dictionary learning was
exploited for single image SR [2], [3] in the past. Recently,
SR methods based on convolutional neural networks (CNN5s)
[4]-[16] are mainly studied in terms of both reconstruction
accuracy and processing time. Dong et al. proposed the first
end-to-end CNN for SR, named SRCNN [4]. SRCNN gen-
erates SR images with three convolution layers from inter-
polated LR images that are enlarged to the HR image size by
a bicubic interpolation. There exist many improved versions
[5]-[16] of SRCNN. For example, VDSR [6] increased the
number of the convolution layers by introducing the residual
learning to resolve the gradient vanishing. ESPCN [7] pro-
posed a sub-pixel convolution layer, called the pixel shuffler,
that enlarges LR images at various magnification ratios and
removes the bicubic interpolation used in the input layer of
SRCNN. In each SR method [4]-[16], a single CNN, called a
generator, is trained by minimizing mainly the mean square
error (MSE) or the mean absolute error (MAE) between true
HR images and the output SR images of the generator.

It is well-known that SR images generated from CNNs
based on MSE or MAE are over-smoothed yet, i.e., recov-
ery of high-frequency components is still insufficient, since
the high-frequency components hardly contribute to the val-
ues of MSE and MAE. To generate realistic high-frequency
components, Ledig et al. proposed SRGAN [17] that uses a
generative adversarial network (GAN) [22]. SRGAN is com-
posed of two CNNs used as a generator and a discriminator.
The discriminator is trained to judge whether the input image
is a true HR image or a generated SR image. Since the gen-
erator tries to induce the discriminator’s misjudgment, SR
images having realistic high-frequency components can be
generated. However, in the process of inducing the discrim-
inator’s misjudgment, some artifacts that do not exist in true
HR images are also generated, and MSE and MAE increase.
In addition, although the downscaling results of the true HR
images are the input LR images, the re-downscaling results of
the SR images tend to be different from the LR images.

To reduce artifacts in SR images of GAN-based meth-
ods, this paper proposes to consider the consistency of the SR
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images for given LR inputs in two different situations. One is
a situation where the LR images are noise-free, and the other
is a situation where the LR images are contaminated by addi-
tive Gaussian noise. In the noise-free situation, we consider
the set of all SR images whose downscaling results are the
same as the input LR image. This set is a linear manifold, and
we propose to modify the output into an SR image in this set
with the minimum moving distance. This proposed modifi-
cation is represented as the orthogonal projection onto the
linear manifold in the output layer of a generator, and easily
computed as in [23] under a simple blockwise downscaling
model in (1) (see Sect. 3.1). The proposed method can be
applied to any generator, and SR images having the perfect
consistency with the input LR images are always generated.
Since a true HR image has the perfect consistency with the
LR image obviously, the orthogonal projection brings the SR
image closer to the true HR image (see Fig. 3 in Sect. 4).

On the other hand, in the noisy situation, if we directly
apply the above orthogonal projection, then noisy SR images
are generated because the perfect consistency with the noisy
inputs is imposed on them. Instead, based on the observation
that the energy of noise will be within a certain range with
high probability (see Fig. 5 in Sect. 5), we consider the set
of all SR images whose square errors between downscaling
results and the noisy LR image are within this range. Though
this consistent set is nonconvex, we can give the exact metric
projection onto it under the simple blockwise downscaling
model. Thus, we propose to apply this projection in the out-
put layer of a generator. Since a true HR image belongs to
the consistent set with high probability, the projection brings
the SR image closer to the HR image with high probability.

For both noise-free and noisy situations, the projection
can appropriately guarantee the consistency between output
SR and input LR images with the minimum moving distance.
Hence, generators of GAN-based SR methods with the pro-
jection create high-frequency components while maintain-
ing low-frequency ones and suppressing noise and artifacts.
Moreover, to generate SR images as close as possible to the
consistent sets before the projections, we further propose to
add the total distance modified by the projections to the loss
function as the projection loss. By decreasing the value of
the projection loss, the moving distance by each projection is
further reduced, which facilitates training of the generators
under the consistency. Simulations in Sect. 6 demonstrate
that the proposed technique reduces artifacts included in the
original SR images of a GAN-based SR method while gener-
ating realistic high-frequency components with better values
for objective indices in both noise-free and noisy situations.

This paper is concluded in Sect. 7 and the main contri-
butions of this paper are summarized as follows.

1. We define the consistent sets to which HR images be-
long with high probability, according to the noise level.
2. We apply the exact projections to SR images onto the
consistent sets, and add the projection loss in training.
3. We show the effectiveness of the proposed technique
integrated into a GAN-based SR method by simulations.
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2. Relation to Existing Works

As reviewed in detail in [24], various SR methods based on
CNNs have been proposed, and each method has different
advantages and limitations. To improve the SR performance,
three main research directions: (i) changing the network ar-
chitecture, (ii) changing the loss function, and (iii) integrat-
ing other learning strategies, are considered. Itis noteworthy
that the proposed technique can be integrated into most SR
methods without contradiction since the metric projection is
applied to an SR image as the post-processing in the output
layer and the projection loss is just added to the loss function.
The proposed technique is expected to be especially effective
for GAN-based SR methods [17]-[21] because we can give
them the consistency with the input LR images, which is al-
most automatically satisfied in single-CNN-based SR meth-
ods minimizing MSE or MAE (see simulations in Sect. 6).
To improve the image quality of SR images of SRGAN,
EUSR-PCL [18], ESRGAN [19], and RCA-GAN [20] pro-
pose different network architectures and loss functions, but
they do not evaluate the consistency with given input images.
PULSE [21] evaluates errors between the re-downscaling re-
sults of SR images and the input images as the downscaling
loss that is also proposed in [25],[26]. Although the down-
scaling loss is the same as the projection loss in the noise-free
situation (see (15) in Sect. 4), PULSE does not apply the pro-
jection and thus cannot guarantee the perfect consistency.

3. Single Image Super-Resolution via Neural Networks
3.1 Formulation of Downscaling without Noise

LetY := (Yi.c) € [0, 1]7%/*€ be alow-resolution (LR) im-
age to be enlarged, and letY; ; . € [0, 1] be the (i, j)-th pixel
value i = 1,2,...,Tand j = 1,2,...,J) of color channel c.
If Y is a grayscale image, then C = 1 and ¢ = 1. If Y is an
RGB color image, then C = 3and ¢ = 1, 2, 3. Suppose that Y
is given as the downscaling result of a high-resolution (HR)
image X := (X; ) € [0, 1]/K*/LXC with slight anti-aliasing
(i.e., slight blurring only within blocks of KL pixels) by

K L

Yije= Z Z Wk 1 X (i~ 1) K4k, (j—1) L+l,c5 ()]

k=1 I=1

where K and L are supposed to be integers lager than 1, and
wi; € R are downscaling weights’' s.t. 35 S5 wy; = 1.

TNetwork components, loss functions, keywords and the perfor-
mance of major methods are summarized in [24, Table 2 and Fig. 8].
TTIf downscaling is the nearest-neighbor or bilinear interpola-
tion, then (1) is always satisfied. If downscaling is a certain bicubic
interpolation and both K and L are equal to or larger than 4, then
(1) is also satisfied, but some weights can be negative. However, if
downscaling is a bicubic interpolation and K or L is equal to 2 or 3,
then (1) is not satisfied. If downscaling is the natural bicubic spline
interpolation, then (1) is never satisfied. If standard anti-aliasing,
i.e., overlapped blurring as in [27], is done right before interpola-
tion process, then (1) will be an approximated downscaling model.
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Fig.1 Proposed generator model based on EDSR. The input is an LR image and the output is an SR image projected onto the consistent set.
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Fig.2  Discriminator model used in SRGAN. The input is an HR or SR image and the output value is restricted in (0, 1) by a sigmoid function.

Define y € [0,1]¢!/ and x € [0, 1]€//KL a5 the vectorized
versions of the LR image Y and the HR image X, respectively.
By using a block-diagonal-like matrix A € RCT/XCIIKL ‘the
downscaling model in (1) is expressed as a matrix form" by

y = Ax. @)

3.2 Super-Resolution via Convolutional Neural Networks

Image super-resolution (SR) based on a single convolutional
neural network (CNN) has been studied by many researchers
[4]-[16], after the first end-to-end CNN work of SRCNN [4].
In particular, SRResNet proposed by Ledig et al. as a gen-
erator of SRGAN [17] (see also Sect. 3.3 below) is often
adopted as a baseline. SRResNet utilizes the architecture of
ResNet [28] that was developed originally for image recog-
nition, and has many residual blocks composed of two con-
volution layers, two batch normalizations, and one rectified
linear unit (ReLLU). At the end of each residual block, the in-
put value of the residual block is added for residual learning
that enables CNNss to avoid the gradient vanishing problem.

T Although many downscaling methods, including any bicubic
interpolation with K and L smaller than 4 and the natural bicubic
spline interpolation, are expressed as linear operators A as in (2),
the condition in (1) for downscaling is important to easily compute
the metric projections onto the consistent sets as in (10) and (24).

Lim et al. proposed EDSR [8] as an improved version
of SRResNet, and EDSR is famous as the champion in the
NTIRE 2017 Challenge on Single Image Super-Resolution
[29]. In EDSR, the batch normalizations are removed since
they reduce the flexibility of CNNs and use a lot of memory.
The architecture of EDSR is shown in the left blue box of
Fig. 1. In this paper, instead of SRResNet, we use EDSR as
a baseline method and a generator of a GAN-based method.
Besides EDSR, EUSR [9], D-DBPN [10], RCAN [11], SAN
[12], RFANet [13], USRNet [14], DRN [15], and MADNet
[16] are also known as single-CNN-based SR methods.

Let {(yn,Xn) }nN:l be training data composed of N pairs
of LR and true HR images. Let £,, € R€//KL be the outputs,
called SR images, of a certain SR network for the input LR
images y, € [0,1]¢!/. As a loss function to be minimized
for training of the SR network, the mean square error (MSE)

N

1
st = = > 180 = xull3 3
MSE CIJKLNnZIHx" xnll3 3)

is often adopted, where ||-||> denotes the £, norm of a vector.
Some papers claim that the mean absolute error (MAE)

N

1
[ = — X, — X, 4
MAE = mreT N n; %, —xnll1 @

leads to slightly better results [8], where ||-||; is the ¢; norm.



YAMAMOTO et al.: IMAGE SUPER-RESOLUTION VIA GANS USING METRIC PROJECTIONS ONTO CONSISTENT SETS FOR LOW-RESOLUTION INPUTS

3.3 Super-Resolution via Generative Adversarial Networks

Ledig et al. proposed the first SR method using a genera-
tive adversarial network (GAN) [22], and this was named
SRGAN [17]. Conventional methods [4]—-[16] train a single
CNN by minimizing, e.g., (3) or (4), but they cannot suffi-
ciently reconstruct high-frequency components of the true
HR images. On the other hand, SRGAN is composed of two
CNN:s, i.e., a generator and a discriminator, and can create
realistic high-frequency components, although they might be
different from the original ones, which are seen as artifacts.

In SRGAN, the generator G : R¢!/ — RCIVKL je
SRResNet, and the discriminator D : R€//KL — (0, 1) are
alternately updated. Figure 2 shows the architecture of the
discriminator. The discriminator D judges whether the input
is a true HR image or a generated SR image by maximizing

RN RN
b= Zl log(D(xa) + 21 log(1 = D(%4)). (5)

Here, we call Iy the discrimination loss, and X,, := G (y,) €
RE!/KL jg an SR image generated from the LR image y,, by
the generator G at the current iteration. In the standard GAN
techniques, the second term # Zf:’zl log(1 — D(%,)) in (5)
is used as a loss function to train G, but in the context of SR,

1 N
A= Zl log(D(£,,)) (6)

is also used as the adversarial loss due to its better gradient
behavior [17]. As aresult, in training of the generator G, the
total loss function to be minimized is expressed as

lG = lC + KlA, (7)

where ¢ is the content loss evaluating the consistency be-
tween X, and x,,, and « > 0 is a weight for the adversarial loss
I in (6). In the simplest cases, the content loss /¢ is defined
as Iysg in (3) or Ivag in (4) and directly evaluates errors
between £, and x,. In more complicated cases [17],[18],
the content loss [c is defined, e.g., as MSE of the pre-trained
VGG feature maps [30] or MAE of the differential images.

4. Orthogonal Projection in the Noise-Free Situation

In the conventional loss function in (7), the content loss /¢
mainly evaluates differences between generated SR images
X, and target HR images x,. However, it is not considered
whether re-downscaling results AX,, are close to given LR
images y, or not. On the other hand, the true HR images x,,
always satisfy Ax,, = y, in the noise-free situation. To make
the most of training data, this paper also considers errors be-
tween the re-downscaling results Ax,, and the LR images y,,.

More concretely, we propose a modification technique
which enables any generator to generate SR images X,, sat-
isfying A¥,, = y, in the noise-free situation. The proposed
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Fig.3 Linear manifold A,, in (8) and errors horizontal/vertical to A,,.

modification is expected to be especially effective for GAN-
based SR methods [17]-[21] since each generator can learn
high-frequency components while keeping the original low-
frequency ones, i.e., information on the input LR images y,,.
First, we define the set of all SR images whose down-
scaling results are the same as the input LR image y,, by

An = {x e RVEL | Ax = y,}
={x,+z e REL| Az =0} =x, + N(A), (8)

where N (A) is the null space of the matrix A. From (8), it is
found that the set A,, is a linear manifold, and the true HR
image x, always belongs to A,,. As shown in the right red
box of Fig. 1, we propose to apply the orthogonal projection
Pa, : REVKL 5 A, onto A, to the conventional output
image X, of some generator. The proposed SR image ¥,, :=
P 4, (%,) always has the perfect consistency as AX,, = y,.
Note that the word “orthogonal projection” strictly refers to
the metric projection onto a subspace, but here we use the
same word for the metric projection onto the linear manifold
because (A, is a shifted version of the subspace N(A) and a
generalized Pythagorean equation holds (see (11) below).
The proposed SR image X, is concretely expressed as

X, = P&Iln (fn) = argmin ”xAn _x||2
xXeA,

=%, - AT(AAT) (A%, - y,). (9

In general, fast and exact computation of (AAT) ™! is difficult
when the image size becomes huge. In this paper, since we
assumed the blockwise downscaling model in (1), AAT is
always a diagonal matrix and thus (9) is easily computed by
X, = Pa, (£,) =%, - ﬁAT(Afn —Yn). (10)
D=t 211 wi,z

Figure 3 shows the relation between x,,, £,,, and X,,. As
shown in Fig. 3, MSE between £,, and x,, in (3) (brown line)
can be divided into vertical components to ‘A, (blue line)
and horizontal components to A, (green line), and we have
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£, = xall3 = 1£2 = P, Bn) |3 + [|1P, (%n) — xll3 (11)

> |Pa, (£,) = Xpll3 = [|%n — x,]3. (12)

From (12), if AX,, # y,, then MSE always becomes smaller,
i.e., PSNR always improves, by applying the orthogonal pro-
jection P4, . Since the output image is changed from X, to

n = Pa,(%X,), we also change, e.g., the MSE content loss to

N

———— % ||Pa, (®n) —xull3. (13)
CIJKLN ;

lo =

When we only consider a weighted sum of /¢ in (13)
and /4 in (6) as the total loss function I for a generator
G, in fact SR results are not good since error information of
the vertical components to (A, is lost. Thus, to generate SR
images as close as possible to the linear manifold A,, before
the orthogonal projection, we further propose to add MSE
of the vertical components to A,, as the projection loss

1
Ip= ———— 80— Pa (£0)]2. 14
P= GITELN ;:1 €, — Pa,, (£) 113 (14)

Note that, under the downscaling model in (1), the projection
loss Ip is also expressed as

1
CIJKLN(Zk 121 1 kl)2

Z 1AT (A%, - yu) 113

A% I3 (15)
CIJKLNZkllewkan o

From (15), we can see that the projection loss is essentially
the same as the downscaling loss in [21], i.e., MSE between
the re-downscaling results AX,, and the input LR images y,,.
Finally, the total loss function for the generator G is defined as

l(;r =lcr +/Up+KlA, (16)

where 4 > 0 and « > 0. Since the content loss /v in (13) is
more important than the projection loss Ip in (14), we rec-
ommend to set a value smaller than 1 for 2. We evaluate the
horizontal and vertical MSEs at a ratio of 1 : A in (16) while
they have been equally evaluated at a ratio of 1 : 1 in (7).

5. Metric Projection in the Noisy Situation
5.1 Formulation of Downscaling with Gaussian Noise

In this section, we extend the proposed projection technique
in the previous section to noisy input images. Specifically, we
consider the following noisy downscaling model

y=7(Ax +¢&) = Ax + &, (17)

where 7 : R€!Y — [0, 1]¢!7 denotes the threshold operator
that replaces negative values with 0 and values greater than 1
with 1, and & € R/ is additive white Gaussian noise of
variance o%. Figure 4 shows a noisy LR color image based
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(a) LR image without noise.

(b) LR image with Gaussian noise.

Fig.4 LR images without and with white Gaussian noise of o~ = 2%
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Fig.5 Histograms of || Ax,, —y, ||§ and ||AX, —Yn |I%, Green one shows
the true distribution of the energy of noise. Blue and red ones show the distri-

butions of square errors between outputs’ re-downscaling results and noisy
input images for single-CNN-based and GAN-based methods, respectively.

on (17) with o = % In numerical experiments of Sect. 6,
we use the same standard deviation for each component of &.

Figure 5 shows the distribution of the energy of noise
g, i.e., ||§,,||% = ||Ax, — y,,||§ (n=1,2,...,N), as a green
histogram, where the image sizes of the LR color images y,,
are 48 x 48 and the number of the images is N = 50,736.
From (%)2 X 48 x 48 x 3 ~ 2.657, the green histogram has
a peak around 2.65. If there was no thresholding, values of
ﬁ ||8,,||§ = ﬁ ||8n||% would follow the chi-square distribu-
tion with C1J degrees of freedom. However, in fact there is
the threshold operator, and the absolute values of noise com-
ponents are suppressed. As aresult, the distribution of ||&, ||§
goes away from symmetry and has a long tail in the left side.

5.2 Consistent Set for the Noisy Low-Resolution Input

As stated in [31], to maximize the performance, we should
build CNNs that simultaneously perform denoising and SR.
In the noisy situation, SR images generated by single-CNN-
based methods become further over-smoothed for denoising,
while SR images generated by GAN-based methods tend to
include more artifacts. Figure 5 also shows the distributions
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Fig.6  Consistent set A in (18) and errors before/after the projection.

of square errors between outputs’ re-downscaling results and
noisy input LR images, i.e., | AX, — yn||% n=1,2,...,N),
as a blue histogram for a single-CNN-based method (EDSR)
and a red histogram for a GAN-based method (EDSR-GAN).
Note that we used the MAE content loss Ic = Ipag in (4) for
both methods. From Fig. 5, we can see that both blue and red
histograms of ||AX,, — yn||§ have peaks located to the left of
the green histogram’s peak and also possess larger variances
than the green histogram of ||Ax,, — yn||%. Furthermore, the
red histogram of the GAN-based method has a very long tail
in the right side, which has led to the serious artifacts.

If we directly apply the orthogonal projection in (10),
SR images having the perfect consistency ||AX, — y, ||§ =0
are generated. However, this direct approach keeps noise &,
included in the input LR images y,,. From Fig. 5, we can see
that the energy of noise ||&;, ||§ = ||Ax, —yn ||% will be within
a certain range with high probability, e.g., from 2 to 2.8 with
98%. Based on this observation for training data, we try to
improve the image quality by making the values ||AX, -y, ||§
closer to a range pre-defined from the distribution of ||&,, ||%.

We define the set of all SR images whose root square
errors between downscaling results and the noisy LR image
Y, are within a consistent range [ €, €yp] (0 < €p < €yp) by

As ={x e RN KL gy < [|[Ax — yulla < €} (18)

We call this set a consistent set, where €}, and €, are lower
and upper bounds of the root square errors and are set, e.g.,
to €p = V2 and €up = V2.8 from Fig. 5, so that the true HR
image x,, will belong to Ay with high probability. If we set
€ = €yp = 0, then A in (18) becomes A, in (8). As long
as €, > 0, the consistent set A is nonconvex as illustrated
in Fig. 6, but we can give the exact metric projection onto
A, . We explain the metric projection in the next section.

5.3 Exact Metric Projection onto the Consistent Set

To derive the exact metric projection onto the consistent set
in (18), we further define two sets of SR images. One is the
set of all SR images whose downscaling errors are under €,

AL = {x e RVEL| | Ax -y l2 < €w), (19)
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and the other is the set whose downscaling errors are over €,
Ay = {x e REVEL| | Ax = gall2 2 e} (20)

The set A in (19) is convex, but the set AL in (20) is non-
convex. Moreover, the intersection of A" and A coincides
with the consistent set A< in (18), i.e., AL N AP = A¢.
Let P“&% and P‘;’(; be the metric projections onto A and
ﬂl?, respectively. Then, the metric projection P #¢ onto the
consistent set A is expressed as

b (o . A
Pl:«‘;[fl (®n) if |A%n — ynll2 > e,

Pag(£n) = {PRc (&) if |AR, = yall2 < e, 21
Xn if e < ||AX; — Yull2 < €w.

In general, exact computations of PL}?E and PI;’(E are very
difficult [32]. Thanks to the blockwise downscaling model in
(1), we can give the exact metric projection P, onto A} by

P (%)
N |A%, = yull2 — €uw T/ s
Xn — = A" (A%, — yn)
1A%, — y.ll2 Zf:1 211;1 wi 1
= el (22)
if [|[A%, — yull2 > ew,

A

Xn if [|[A%, — yull2 < ew.

If we set yp = 0, then PL;{’E in (22) becomes P 4,, in (10). We

can also give the exact metric projection Plétz’lg onto A" by

Plie (%)
n €b — ”A-fn - yn”2 T/ an
nt ~ A’ (A%, - yn)
|AZ, — ynll2 ZkK=1 Zlel wi,l

= e (23)
if ||A%, — yull2 < e,

£ if |A%, = ynll2 = €.

Both metric projections in (22) and (23) move the vector X,,
along the orientation of AT(A%,, — y,), but their moving di-
rections are opposite to each other because the sign of the co-
efficient of AT(A%, — y,,) is negative in (22) and positive in
(23). The proofs of (22) and (23) are shown in Appendices.

Note that we implicitly assume || AX, —y,||> > 0in (23)
because an SR image X, exactly satisfying AX,, = y,, is not
created by a generator G practically. In addition, if we de-
fine a function §¢ : RC//KL — R, that is well-defined and
differentiable except for the points x satisfying Ax = y,,, as

|Ax — yalla — € .
T2 i [|Ax — Yallo > €

lAx - y,ll2
€(x) =L lIAx —yull2 — e .
n (%) ———= i [|Ax — yull2 < €,
lAx — yall2
0 if e < ||Ax — yaull2 < €w,

then the metric projection P ¢ (£,) in (21) is also written by

%2 5n) —AT(ARy —yn). (24

Pac(Xp) =% — =7
=t 21t Wit
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5.4 Proposed Output Image and the Total Loss Function

Since the consistent set A is nonconvex, there is a possibil-
ity that the metric projection P ¢ increases errors between
the SR image and the true HR image when || A%, -y, |2 < €.
On the other hand, when ||AX, — y,|l> > €y, the metric pro-
jection Pge (£,) = P‘;',(?5 (#,) almost always decreases MSE

because PL;I’E is a nonexpansive mapping and satisfies
n
||Pg;(fn) _xnllg = ||Pl;?§ xAn) - Plf;{; (xn)Hg < ”x’\n _xn”%

if x,, € AW holds. Based on this, we propose to use ¥, :=
P‘;(?E (£,) as the final output SR image in the noisy situation,
which means that we directly use £, as the final output when
[|AX,, — ynll2 < €y including the case of ||AX, — y,||2 < €.

Similar to (13), we change, e.g., the MAE content loss to

1

low = ——
¢~ CIJKLN

N
PN ACAEEAT (25)
n=1

Further, to generate SR images as close as possible to the con-

sistent set A< before the projection, we propose to add two
projection losses. One is the mean square distance to A"

N
1
L A plb a2

' = CIIKLN ; €0 = Pz (£a) I3, (26)

and the other is the mean square distance to A"P:

N
1
B = e D I = PR (B3 @7
P n Ag\tnllln-
CIJKLN &

Finally, the proposed total loss function for a generator G is
lor = lor + Al + Aup s + kla, (28)

where A, > 0 and Ay, > 0. From Fig. 5, we find that root
square errors between re-downscaling results and noisy in-
put images are often under the lower bound ¢, but seldom
over the upper bound €;,. Since the latter cases are consid-
ered to cause serious artifacts in GAN-based SR methods,
we recommend to set Ay, and Ay so that Ay, < Ay can hold.

6. Numerical Experiments

In this section, we compare SR images generated by EDSR,
EDSR-Projection, EDSR-GAN and EDSR-GAN-Projection.
Here, ‘Projection’ means that proposed projection is added in
the output layer of the generator (EDSR) as shown in Fig. 1.
‘GAN’ means that the discriminator of SRGAN in Fig. 2 is
also trained by maximizing the discrimination loss Ip in (5).

6.1 Datasets and Experimental Settings

We create training image patches from 800 images in DIV2K
dataset [33]. We set the sizes of HR color patches to 96 x 96
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for X2 scale (i.e., K = L = 2) and to 144 x 144 for X3 scale
(i.e., K = L = 3). In each case, all LR color patches of size
48 x 48 are given by downscaling of the HR patches with the
arithmetic mean matrix A, i.e., wy,; = ﬁ for all £ and [ in
(1). For the noisy situation, we add white Gaussian noise of
standard deviation o = 22—5 to the LR patches and then apply
the thresholding 7~. The number of the training patch pairs
is N = 59,296 for x2 scale and N = 50,736 for X3 scale.
We use Adam [34] as the optimizer, where we set @ =
10~*in the training of all the generators, @ = 107> only in the
training of the discriminators, and (831, 82) = (0.9,0.999) in
every training. We set the minibatch size to 96 for the single-
CNN-based methods and to 64 for the GAN-based methods,
where each training patch pair is used either as it is, rotated
90 degrees, flipped vertically, or flipped horizontally when
creating minibatches. For stable GAN training, pre-trained
EDSR and EDSR-Projection are used as the initial values of
the generators of EDSR-GAN and EDSR-GAN-Projection,
respectively, and we alternately update each generator and
each discriminator using the same minibatch. It takes about
1 day to train each single-CNN-based method and 2 days to
train each GAN-based method by PyTorch 1.3.1 on Windows
10 Home (Core i7-7700K, 64 GB, GeForce GTX 1080 Ti).
We evaluate SR images generated by each method for
four different datasets, Set5 [35], Set14 [36], BSD100 [37],
and Urban100 [38]. We prepare two kinds of test LR images.
One is downscaled by the same mean matrix A, and the other
by the bicubic interpolation of Pillow [39]. We use PSNRY
and FSIM¢ [40] as objective indices for the image quality.

6.2 Results in the Noise-Free Situation

We use the MSE content loss /¢ = lysg in (3) for EDSR and
EDSR-GAN and /¢ in (13) for EDSR-Projection and EDSR-
GAN-Projection. In (16), we set the weight of the adversarial
loss I in (6) to k = 1073 for EDSR-GAN and EDSR-GAN-
Projection and the weight of the projection loss Ip in (14) to
A = 1073 for EDSR-Projection and EDSR-GAN-Projection.

Tables 1 and 2 summarize SR results for the two kind of
LR images, in which red numbers indicate better objective
index values on the single-CNN-based methods (EDSR and
EDSR-Projection), and blue numbers indicate better values
on the GAN-based methods (EDSR-GAN and EDSR-GAN-
Projection). For the single-CNN-based methods, there exist
slight improvements of the objective indices due to the pro-
posed projection, but which has little effect on human eyes.
This is because MSE-based CNNs almost satisfy AX,, = y,
without the orthogonal projection in the noise-free situation
if the networks are appropriately trained. On the other hand,
for the GAN-based methods, we can see that the proposed
projection technique improved PSNR in all cases and FSIM ¢
mainly for X3 scale in Tables 1 and 2. As shown in Table 2,
the proposed projection was also effective even in the case
that the downscaling process is different from training data,

TWithout using the YCbCr transform, we compute PSNR values
from MSE between HR and SR images in the RGB color space.
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Table 1  Averages of the objective indices (PSNR/FSIM¢) of SR results for Set5, Setl4, BSD100,
and Urban100 in the noise-free situation. Test images are downscaled by the matrix A used in training.

Dataset | Scale EDSR EDSR- EDSR-GAN | FDSR-GAN-
Projection Projection

Set5 x2 36.54/0.9738 | 36.55/0.9739 || 34.65/0.9618 | 34.66/0.9576

x3 34.45/0.9436 | 34.48/0.9441 33.12/0.9290 | 33.30/0.9315

Setl4 x2 34.10/0.9577 | 34.14/0.9581 32.74/0.9390 | 32.82/0.9387

x3 32.73/0.9098 | 32.73/0.9097 || 31.79/0.8967 | 31.97/0.8987

BSD100 x2 33.91/0.9426 | 33.91/0.9428 || 32.61/0.9243 | 32.62/0.9217

x3 32.57/0.8838 | 32.58/0.8835 || 31.68/0.8761 | 31.91/0.8783

Urban100 x2 34.08/0.9522 | 34.10/0.9525 || 32.38/0.9257 | 32.63/0.9272

x3 32.52/0.8958 | 32.58/0.8959 || 31.54/0.8760 | 31.66/0.8792

Table 2 Averages of the objective indices (PSNR/FSIM¢) of SR results for Set5, Set14, BSD100,
and Urban100 in the noise-free situation. Test images are downscaled by the bicubic interpolation.

Dataset | Scale EDSR EDSR- EDSR-GAN | EDSR-GAN-
Projection Projection

Sets x2 36.10/0.9701 | 36.15/0.9707 || 34.85/0.9640 | 35.20/0.9636

x3 33.97/0.9351 | 33.98/0.9346 || 33.19/0.9284 | 33.35/0.9308

Setl4 x2 33.55/0.9437 | 33.57/0.9442 || 32.85/0.9351 | 33.01/0.9366

x3 32.47/0.8979 | 32.46/0.8978 || 31.95/0.8949 | 32.08/0.8961

BSD100 x2 33.67/0.9373 | 33.68/0.9379 || 33.02/0.9295 | 33.07/0.9295

x3 32.38/0.8726 | 32.39/0.8724 || 31.88/0.8735 | 32.05/0.8737

Urban100 x2 33.20/0.9340 | 33.22/0.9345 || 32.53/0.9246 | 32.74/0.9262

x3 32.00/0.8679 | 32.01/0.8668 || 31.61/0.8647 | 31.66/0.8676

(a) Target HR image. (b) Enlarged HR image. (b) Enlarged HR image.

(c) EDSR (d) EDSR-Projection (c) EDSR (d) EDSR-Projection
(32.41/0.9088). (32.42/0.9087). (30.70/0.8716). (30.72/0.8713).

(¢) EDSR-GAN (f) EDSR-GAN-Projection (e) EDSR-GAN (f) EDSR-GAN-Projection
(31.76/0.9009). (32.00/0.9049). (29.98/0.8507). (30.01/0.8525).

Fig.7 Results of ‘head’ in Set5 for x3 scale (PSNR/FSIM¢). Fig.8 Results of ‘img003” in Urban100 for x3 scale (PSNR/FSIM¢).
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Table 3  Averages of the objective indices (PSNR/FSIM¢) of SR results for Set5, Setl4, BSD100,
and Urban100 in the noisy situation. Test images are downscaled by the matrix A used in training.

Dataset | Scale EDSR EDSR- EDSR-GAN | FDSR-GAN-
Projection Projection

Set5 x2 34.80/0.9579 | 34.80/0.9580 || 33.78/0.9492 | 33.79/0.9493

x3 33.39/0.9282 | 33.40/0.9288 || 32.63/0.9222 | 32.76/0.9233

Setl4 x2 33.28/0.9402 | 33.27/0.9402 || 32.35/0.9294 | 32.39/0.9304

x3 32.21/0.8915 | 32.23/0.8921 || 31.56/0.8884 | 31.64/0.8911

BSD100 x2 33.14/0.9270 | 33.14/0.9271 || 32.19/0.9133 | 32.28/0.9128

x3 32.08/0.8639 | 32.09/0.8644 || 31.50/0.8671 | 31.44/0.8672

Urban100 x2 33.36/0.9375 | 33.37/0.9377 || 32.32/0.9215 | 32.35/0.9206

x3 32.14/0.8780 | 32.15/0.8780 || 31.52/0.8713 | 31.53/0.8724

Table 4  Averages of the objective indices (PSNR/FSIMc) of SR results for Set5, Setl4, BSD100,
and Urban100 in the noisy situation. Test images are downscaled by the bicubic interpolation.

Dataset | Scale EDSR EDSR- EDSR-GAN | EDSR-GAN-
Projection Projection

Set5 x2 34.5470.9546 | 34.53/0.9542 || 33.98/0.9505 | 34.04/0.9514

x3 33.07/0.9215 | 33.06/0.9213 32.60/0.9196 | 32.71/0.9199

Setl4 x2 32.87/0.9273 | 32.86/0.9264 || 32.45/0.9242 | 32.44/0.9240

x3 32.02/0.8816 | 32.03/0.8824 || 31.64/0.8849 | 31.71/0.8864

BSD100 X2 32.9570.9211 | 32.94/0.9205 32.50/0.9159 | 32.54/0.9148

%3 31.95/0.8541 | 31.95/0.8542 || 31.64/0.8637 | 31.63/0.8635

Urban100 x2 3272709210 | 32.72/0.9202 || 32.36/0.9173 | 32.38/0.9153

x3 31.76/0.8540 | 31.77/0.8547 31.45/0.8569 | 31.49/0.8577

(a) Target HR image. (b) Enlarged HR image. (a) Target HR image. (b) Enlarged H

R image.

(c) EDSR (d) EDSR-Projection (c) EDSR (d) EDSR-Projection
(34.34/0.9509). (34.25/0.9500). (29.76/0.8435). (29.7710.8412).

(e) EDSR-GAN (f) EDSR-GAN-Projection (e) EDSR-GAN (f) EDSR-GAN-Projection
(33.30/0.9370). (33.55/0.9406). (29.58/0.8502). (29.58/0.8521).
Fig.9 Results of ‘bird” in Set5 for x3 scale (PSNR/FSIM¢). Fig.10  Results of ‘img063’ in Urban100 for X3 scale (PSNR/FSIM¢).
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i.e., the proposed technique had a certain robustness against
the different downscaling. Interestingly, the objective index
values of the single-CNN-based methods in Table 2 are lower
than those in Table 1, while some values of the GAN-based
methods in Table 2 are better than those in Table 1. In addi-
tion, on FSIM¢ for X3 scale of BSD100 in Table 2, EDSR-
GAN-Projection gave the best value among all the methods.

Figures 7 and 8 show examples of SR results for the test
images. In EDSR and EDSR-Projection, there are almost no
differences and both SR results are over-smoothed. In EDSR-
GAN, the SR results are more clear but have some artifacts.
The proposed GAN-based method (EDSR-GAN-Projection)
generates images including realistic high-frequency compo-
nents while reducing artifacts in Fig. 7(f) and creating clear
straight lines in Fig. 8(f) compared with Figs. 7(e) and 8(e).

6.3 Results in the Noisy Situation

We use the MAE content loss /c = Iyag in (4) for EDSR and
EDSR-GAN and /¢ in (25) for EDSR-Projection and EDSR-
GAN-Projection because we confirmed that MAE leads to
more clear SR images than MSE by preliminary experiments.
In (28), we set the weight of the adversarial loss /4 in (6) to
k = 1073 for EDSR-GAN and EDSR-GAN-Projection, and
the weights of the projection losses /i in (26) and [5° in (27)
to Ajp = 1 and Ay = 5 for X2 scale of EDSR-Projection and
EDSR-GAN-Projection and to A, = 0.2 and Ay, = 0.8 for
%3 scale, from objective and subjective perspectives. In each
scale, we set the bounds in (18) to ¢ = V2 and €ub = V2.8.
Tables 3 and 4 summarize SR results for the two kind of
LR images in the noisy situation. For the single-CNN-based
methods, as in the noise-free situation, there are slight im-
provements of the objective indices mainly in Table 3, but
which has little effect on human eyes in most images. For the
GAN-based methods, the trend of improvement of the objec-
tive indices, excluding FSIM¢ for X2 scale, can be seen. The
objective index values of the single-CNN-based methods in
Table 4 are lower than those in Table 3, while some values of
the GAN-based methods in Table 4 are better than those in
Table 3. On FSIM¢ for X3 scale of BSD100 in Table 3 and
of Set14, BSD100, and Urban100 in Table 4, the GAN-based
methods were better than the single-CNN-based methods.
Figures 9 and 10 show examples of SR results for the test
images. In Fig. 9, the results of EDSR and EDSR-Projection
are over-smoothed and almost the same as each other. The re-
sult of EDSR-GAN is clear but includes large artifacts in the
lower left part of Fig. 9(e). On the other hand, the proposed
GAN-based method (EDSR-GAN-Projection) generates the
clear image as shown in Fig. 9(f) without the large artifacts.
Although the averaged improvements in Tables 3 and 4 are
small, from these figures, it can be found that the proposed
metric projection can suppress serious artifacts. In Fig. 10,
there are significant differences between the results of EDSR
and EDSR-Projection. Comparing Figs. 10(c) and 10(d), we
can see that the diagonal parallel lines in the roof are more
accurately reconstructed. The same matter is seen between
the SR images of EDSR-GAN and EDSR-GAN-Projection
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in Figs. 10(e) and 10(f). We found that straight lines in other
images could also be clearly seen by adding the projection.

6.4 Results for Inputs of Mismatched Noise Level

Although the proposed method assumes that the noise level
is known, we verify SR results when the noise level of input
LR images differs from that of training data. Specifically, we
input noisy LR images into the networks in Sect. 6.2, and
noise-free LR images into the networks in Sect. 6.3, where
all the test LR images are downscaled by the mean matrix A
used in training. The results and an example of the former
experiments are shown in Table 5 and Fig. 11, and those of
the latter experiments are shown in Table 6 and Fig. 12.
Comparing Tables 1 and 5, we see that all the values of
PSNR and FSIM¢ are significantly decreased due to noise.
Comparing Tables 3 and 5, the values of PSNR and FSIM¢
in Table 5 are lower than those in Table 3 since the networks
in Sect. 6.2 do not perform denoising as shown in Fig. 11,
whether the proposed projection technique is applied or not.
Though noise cannot be removed, the proposed GAN-based
method (EDSR-GAN-Projection) generated high-frequency
components with fewer artifacts in Fig. 11(f) than Fig. 11(e).
Comparing Tables 3 and 6, for PSNR, all the values in
Table 6 are better than those in Table 3 since the LR images
in Table 6 are noise-free. On the other hand, for FSIM, all
the values of the single-CNN-based methods in Table 6 are
lower than those in Table 3, while most values of the GAN-
based methods in Table 6 are better than those in Table 3.
This implies that the single-CNN-based methods are more
likely to fail in recover of high-frequency components due
to excessive denoising than the GAN-based methods.
Comparing Tables 1 and 6, we see that all the values of
PSNR and FSIM¢ significantly decrease for the single-CNN-
based methods. On the other hand, for the GAN-based meth-
ods, most values of PSNR increase, and the decrease in the
values of FSIM¢ is smaller. Thus, the GAN-based methods
were relatively robust to reduction of the noise level in the
test images. Moreover, as shown in Fig. 12(f), the property
that straight lines become clearly visible by adding the pro-
jection was retained even when the noise level was reduced.
To summarize, although it is desired to know how much
noise LR images contain, GAN-based SR methods with the
proposed projection technique work reasonably well even if
the noise level is smaller than expected. On the other hand,
if the noise level is much larger than when training CNNgs,
good results are not obtained as with conventional methods.

7. Conclusion

In this paper, for single image SR using CNNs, we proposed
to use the metric projection in the output layer for generating
SR images having the appropriate consistency with the input
LR images. In the noise-free situation, we considered a linear
manifold having the perfect consistency with the input image,
and applied the orthogonal projection onto this set just before
the output. In the noisy situation, we defined a consistent set,
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TableS  Averages of the objective indices (PSNR /FSIM ) of SR results when noisy images are inputs
to networks for the noise-free situation. Test images are downscaled by the matrix A used in training.

Dataset | Scale EDSR EDSR- EDSR-GAN | FDSR-GAN-
Projection Projection

Set5 x2 32.34/0.9343 | 32.29/0.9341 || 31.07/0.8990 | 30.86/0.8908

x3 31.59/0.9119 | 31.56/0.9120 || 30.47/0.8551 | 30.79/0.8801

Setl4 x2 31.52/0.9209 | 31.52/0.9210 || 30.35/0.8778 | 30.31/0.8786

x3 30.87/0.8807 | 30.86/0.8804 || 29.96/0.8358 | 30.30/0.8546

BSD100 x2 31.35/0.9077 | 31.32/0.9080 || 29.87/0.8540 | 30.09/0.8653

x3 30.72/0.8568 | 30.71/0.8567 || 29.79/0.8150 | 30.14/0.8360

Urban100 x2 31.38/0.9109 | 31.36/0.9116 || 30.13/0.8639 | 30.22/0.8706

x3 30.68/0.8572 | 30.68/0.8576 || 29.80/0.8093 | 30.02/0.8256

Table 6  Averages of the objective indices (PSNR/FSIM ) of SR results when noise-free images are
inputs to networks for the noisy situation. Test images are downscaled by the matrix A used in training.

Dataset | Scale EDSR EDSR- EDSR-GAN | FDSR-GAN-
Projection Projection

Set5 x2 35.30/0.9567 | 35.27/0.9564 || 34.78/0.9543 | 34.84/0.9557

x3 33.76/0.9255 | 33.80/0.9264 || 33.32/0.9271 | 33.38/0.9258

Setld x2 33.58/0.9377 | 33.56/0.9369 || 33.04/0.9319 | 33.05/0.9325

x3 32.43/0.8880 | 32.45/0.8887 || 32.02/0.8897 | 32.04/0.8909

BSD100 X2 33.42/0.9242 | 33.41/0.9239 || 32.88/0.9166 | 32.87/0.9152

x3 32.26/0.8576 | 32.28/0.8579 || 31.90/0.8668 | 31.86/0.8669

Urban100 x2 33.61/0.9355 | 33.62/0.9354 || 32.95/0.9273 | 32.86/0.9253

x3 32.30/0.8761 | 32.32/0.8768 || 31.83/0.8751 | 31.84/0.8754

1L s \
(a) Target HR image.

(a) Target HR image. (b) Enlarged HR image.

(c) EDSR (d) EDSR-Projection (c) EDSR (d) EDSR-Projection
(31.02/0.8896). (31.00/0.8896). (29.80/0.8346). (29.79/0.8323).

(e) EDSR-GAN (f) EDSR-GAN-Projection (e) EDSR-GAN (f) EDSR-GAN-Projection
(30.32/0.8495). (30.56/0.8670). (29.63/0.8431). (29.63/0.8439).

Fig.11  Outputs from the noisy ‘head’ input for x3 scale. Fig.12  Outputs from the noise-free ‘img063’ input for X3 scale.
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which includes the true HR image with high probability, and
applied the metric projection onto this set. Furthermore, to
generate SR images as close as possible to the consistent sets
before the projections, we added the total distance moved by
the projections to the loss function. The proposed technique
can be integrated into most SR methods without contradic-
tion and especially effective for GAN-based methods. This
is because generators can learn high-frequency components
while maintaining low-frequency ones appropriately and SR
images having realistic high-frequency components with few
artifacts are generated. In addition, since the true HR image
belongs to the consistent set with high probability, the pro-
posed projection can decrease MSE with high probability.
In numerical experiments, we confirmed the effective-
ness of the proposed technique in both noise-free and noisy
situations. In each situation, the proposed technique reduced
artifacts in a GAN-based method while generating realistic
high-frequency components with better values of PSNR and
FSIMc, and we found that straight lines could be clearly re-
constructed by adding the projection. Moreover, we verified
the results for the inputs whose noise level is different from
training data, and it was shown that the performance of the
GAN-based method with the proposed technique was hardly
degraded when the noise level was smaller than training data.
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Appendix A: Proof of (22)

It is obvious that ngﬁ (%,) = £, holds when £,, € ﬂﬁb, ie.,
[|A%, — ynll2 < €u holds. Hence, we consider only the case
when ||A%;, — y,||l2 > €y holds. In this case, computation of
Puyll?f, (X,,) can be seen as the following optimization problem

minimize  f(x) = ||%, — x||3
x (A-1)
subjectto  g(x) := [|Ax — yull; — €, < O

The unique optimal solution to this problem corresponds to
P‘;l’e (£,). Here, we define a vector x* € RCI/KL ag

B |AZ, — yull2 — €w
- K L
1A%, = ynll2 Xy 2z wy,

_ ”AxAn - yn||2 — €ub
IAZ, — yall2

*

X = AT(AxAn ~ Yn)

=

n

AT(AAT)_I (A%, —yn).

Il
=

n

We only have to show that x* is the optimal solution to the
convex optimization problem in (A- 1). Since this problem
satisfies the Slater condition [41, Proposition 27.21], x™* is
the optimal solution if and only if x* satisfies the following
Karush—Kuhn-Tucker (KKT) conditions

-Vf(x") = uVg(x™), (A-2)
g(x*) <0, (A-3)
u =0, (A-4)
ng(x*) =0, (A-5)
where u € R denotes the dual variable. First, from
9(x*) = lAx* = y,l5 - €
. A% gl -, . P
=||A%, — — (A%, —yn) — —€
' " UNAR gl I T T
2
€ub ” 2 2 2
= ||l (A%, — —€; = —-€e; =0,
[,y -0 , G G

the conditions in (A- 3) and (A- 5) are satisfied. Next, from

=Vf(x") =2(£, —x7)
__ 2(1A%y ~ yall2 ~ €w)
1A%, = yulla Z5o) 2y wi

AT(Afn ~Yn)

and

2uéyy

_ KA AT A%, -y,
[A%n — Yl n=Yn

uVg(x*) = 2uAT(Ax* —y,) =

by setting the dual valuable u to

_ lAL, — yull2 — €
- K L
€ub Zk:l Zl:] wi,l

the conditions in (A- 2) and (A- 4) are satisfied. Since all the
KKT conditions hold, we have proven that x* is the solution
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to the problem in (A- 1) and P‘;’E (£,) is expressed as (22).
Appendix B: Proof of (23)

It is obvious that P{',;IS (%,) = £, holds when £,, € ﬂ}l’, ie.,
[|A%, — ynll2 = ep holds. Hence, we consider only the case
when ||AX, =y, |2 < ep holds. In this case, Pljblf (£,,) canbe
seen as the solution to the following optimizatign problem

minimize f(x) : ||J?n—x||§
X

(A-6)

subjectto  g(x) = —||Ax — y,ll3 + ¢, <0

Differently from (A- 1), the problem in (A- 6) is nonconvex,
and it is difficult to utilize the KKT conditions to prove (23).
In the following, we directly solve the the problem in (A- 6).

Let x* € RE//KL pe the solution to the the problem in
(A-6) and define y* := Ax* € R€!/_ Then, from g(x*) < 0,
we have ||y* — y,|l> > ep. Moreover, x* is also given from
X, by applying the metric projection onto a linear manifold

A* = {x e RVEL | px = y*}.

Therefore, from (10), x* can be expressed as

1
- AV(A%,-y"). (A-])
SExha,

From (A-7) and (15), we have

x* =Pa(X,) =%,

1
(Zle Zlel wi,l)z
1

K ~L .2
L=t 221 Wi 1

fE) =118, - x5 = IAT (A%, - y")II3

A 2
A%, — yl5.

As a result, the optimization problem on x in (A- 6) can be
reduced to an optimization problem on y as

minimize [|A£, — yll2  subjectto ||y - yull2 = €, (A-8)
y

and y* coincides with the optimal solution to the problem in
(A- 8). By shifting the metric projection onto a spherical sur-
face [42], the unique solution y* is easily computed as

* €lb

YV =yn+t o (A —yn) (A-9)
”Axn - yn”2
if 0 < ||A%, — ynll2 < €. From (A-9), we have
— AR, —
AR, —y* = € — [|A%, — yall2 (A%, —yn). (A-10)

1A%, — ynll2

By substituting (A- 10) into (A- 7), we finally have the unique
optimal solution x* to the problem in (A- 6) as

e — [|AL, — ynll2
~ K L
A%, = yall2 Xpzy iy wi

X =%, + AT(A%, - yn),

and it has been proven that P2 _ (£,,) is expressed as (23).
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Note that when ||AX,, — y,|l» =0, i.e., AX,, = y,, holds,
the optimization problem in (A- 8) has infinite solutions as

Y =y, +epu,

where u € R€!7 is any unit vector s.t. ||u||, = 1. In this case,

the optimization problem in (A- 6) also has infinite solutions,
and the metric projection becomes a set-valued mapping as

s
K <L 2
D=t 2t Wit

In practice, the condition AX,, = y, does not hold, and even
if it holds, the proposed projection technique works correctly
by selecting an appropriate unit vector u, e.g., asu = —=

ml.
3 ol
w

P (£) = %, Alu|ully=1
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